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SCHEME THEORETIC TROPICALIZATION 


OLIVER LORSCHEID 

Abstract. In this paper, we introduce ordered blueprints and ordered blue schemes, which 
serve as a common language for the different approaches to tropicalizations and which enhances 
tropical varieties with a schematic structure. As an abstract concept, we consider a tropical- 
ization as a moduli problem about extensions of a given valuation v : L —> L between ordered 
blueprints k and T. If L is idempotent, then we show that a generalization of the Giansiracusa 
bend relation leads to a representing object for the tropicalization, and that it has yet another 
interpretation in terms of a base change along v. We call such a representing object a scheme 
theoretic tropicalization. 

This theory recovers and improves other approaches to tropicalizations as we explain with 
care in the second part of this text. 

The Berkovich analytification and the Kajiwara-Payne tropicalization appear as rational point 
sets of a scheme theoretic tropicalization. The same holds true for its generalization by Foster 
and Ranganathan to higher rank valuations. 

The scheme theoretic Giansiracusa tropicalization can be recovered from the scheme theo¬ 
retic tropicalizations in our sense. We obtain an improvement due to the resulting blueprint 
structure, which is sufficient to remember the Maclagan-Rincon weights. 

The Macpherson analytification has an interpretation in terms of a scheme theoretic tropical¬ 
ization, and we give an alternative approach to Macpherson’s construction of tropicalizations. 

The Thuillier analytification and the Ulirsch tropicalization are rational point sets of a scheme 
theoretic tropicalization. Our approach yields a generalization to any, possibly nontrivial, valua¬ 
tion v.k^T with idempotent T and enhances the tropicalization with a schematic structure. 
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Introduction 

The purpose of this paper is the development of a language that allows us to consider the differ¬ 
ent techniques of tropicalizing a classical scheme within the same framework and that provides 
a scheme theoretic structure for tropicalizations. In order to explain the relevance of our results, 
we begin with an outline of the historical development. 


History. In spite of the early works of Bergman ([7]) and Bieri and Groves ([11]), tropical 
geometry became an active research area only 15 years ago when it became clear that the com¬ 
binatorial nature of tropical varieties could be used to study their classical counterparts; for 
instance, see Mikhalkin’s celebrated computation of Gromov-Witten invariants ([41]). 

Let k be a field and X a closed subvariety of the torus (k^)". From its early days on, the 
tropicalization Trop(X) along a logarithmic valuation v : ^ M was equally understood as an 

amoeba, as the corner locus of its defining polynomials and as fhe coordinafewise evaluafion 
of seminorms extending v ([11], [17]). If was known fhaf Trop(X) can be endowed wifh fhe 
sfrucfure of a finite polyhedral complex in M”, whose lop dimensional polyhedra carry weighls 
lhal satisfy a cerfain balancing condition ([11], [48]). If was also clear fhaf fhe fropicalizafion 
of X could be compaclified via an embedding of (k^)” info a foric variefy ([40], [42], [48]). 

However, if look some years fill fhis knowledge found a clear formulation in fhe independenf 
works of Kajiwara ([26]) and Payne ([45]) who defined fhe fropicalizafion of a closed subvariefy 
X of a foric variefy along a nonarchimedean valuation as a quofienf of fhe Berkovich space of 
X, which can be understood as a slack quofienf ([54]). 

From fhis poinl on, fhe underslanding of fropicalizafion was broadened in differenl direc¬ 
tions. One imporlanl source of inspiration were skelela of Berkovich spaces, as inlroduced by 
Berkovich ([9]). In fhe silualion of a variefy over a discretely valued field, a semislable model 
over fhe discrele valuafion ring defines a skelefon for fhe Berkovich space. While a slricl cor¬ 
respondence belween skelela from semislable models and Iropicalizafions holds only in special 
siluafions, a generalized framework of skelela for semislable pairs illuminaled fhis relation; cf. 
Tyomkin ([52]), Baker, Payne and Rabinoff ([4], [5]), and Gubler, Rabinoff and Werner ([24], 
[25]). 

An imporlanl varianl of skelela for semislable models is Thuillier’s Iheory of skelela for 
toroidal embeddings over Irivially valued fields ([50]). Abramovich, Caporaso and Payne inler- 
preled Ihese skelela as Iropicalizafions ([1]), and Ulirsch ([53]) clarified fhis process in terms 
of a fropicalizafion associaled to fine and saluraled log schemes, which passes Ihrough an asso- 
cialed Kafo fan and fhe local fropicalizafion of Popescu-Pampu and Stepanov ([47]). Ulirsch’s 
fropicalizafion of fine and saluraled Zariski log schemes coincides wifh fhe approach of Gross 
and Sieberl ([23]) in Iheir sludy of logarilhmic Gromov-Widen invarianls. 

A recenl varianl of fhe Kajiwara-Payne fropicalizafion replaces fhe valuafion v : k^ —M by a 
valuafion v : k^ —>■ M” of higher rank. This was firsl considered by Banerjee ([6]) in fhe case of 
higher local fields, and fhe idea was laken up and generalized by Fosfer and Ranganalhan ([19]), 
who showed fhaf higher rank Iropicalizafions refiecf certain properties of classical varieties over 
k. 

Wifh fhe progress of generalized scheme Iheory, often coined as F i -geomefry, a Iheory of 
semiring schemes and, in parficular, schemes over fhe fropical numbers became available; see 
fhe work of Durov ([16]), Toen and Vaquie ([51]), and fhe aulhor ([32]). Jeff and Noah Gi- 
ansiracusa used fhis Iheory in fhe case of closed subschemes of foric variefies to enhance fhe 
fropicalizafion wifh a schemalic struclure ([21]). Af fhe same time, Macpherson endowed such 
a fropicalizafion wifh fhe sfrucfure of an analytic space ([38]). Slrikingly, Maclagan and Rincon 
showed fhaf fhe schematic sfrucfure of fhe fropicalizafion logefher wifh fhe embedding info an 
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ambient torus encodes the structure of the tropical variety as a balanced weighted polyhedral 
complex ([36]). 

In the following, we will explain how to put these different approaches to tropicalizations on 
a common footing via ordered blueprints. 

From coordinates to blueprints. Grosso modo, a tropicalization of a ^-scheme X is the image 
of certain chosen coordinates of X under a valuation v of the field k. The coordinates for X 
can be given by different means: an embedding of X into affine space or info a foric variefy; 
a simple normal crossing divisor on X; a simple foroidal embedding; a fine and safurafed log 
sfructure forX. 

For simplicify, lef X = Spec/? be an affine ^-scheme. The choice of coordinafes singles ouf 
a mulfiplicafive subsef A of R. In case of an closed immersion t: X —)• Spec^[Ao] info a foric 
variefy, A equals fhe sef of elemenfs of fhe form Yi{c ■ a) £ R where c £ k and a £ Aq and 
Fi : ^[Ao] —)• /? is fhe map between the respective global sections. In case of the complement 
17 C X of a simple normal crossing divisor, or, more general, a simple toroidal embedding 
U CX, the multiplicative set A equals the intersection Rr\Ox{U)^. In case of a fine and 
safurated log sfrucfure a : Mx Ox, the mulfiplicafive subsef is A = Mx(X). 

Lef B+ be fhe subring of R fhaf is generafed by A. Then fhe inclusion A C is a blueprinf 
in fhe sense of [32]. In fhis paper, we explain how fo tropicalize X with respect to the choice of 
blueprint B = (A C B^), and we show that this recovers the previously mentioned concepts of 
tropicalization. 

Analytification as a base change. Before we enter the theory of ordered blueprints, we want 
to explain the underlying idea that is inspired by Paugam’s approach [44] to analytic geometry. 
The following is a simplified accounf of fhis fheory. 

An ordered semiring is a (commufafive) semiring R (wifh 0 and 1) fogefher a parfial order 
^ fhaf is addifive and mulfiplicafive. A subadditive homomorphism of ordered semirings is 
an order preserving mulfiplicafive map / : /?i R 2 wifh /(O) = 0, /(I) = 1 and f{a + b) ^ 
f{a)+f{b). 

This allows us fo perform fhe following gedankenexperimenfs. We consider rings as frivially 
ordered semirings. Nofe fhaf a subaddifive homomorphism befween frivially ordered semirings 
is always addifive, which means fhaf subaddifive homomorphisms of rings are homomorphisms. 

If we endow fhe semiring M^o wifh its natural total order, then a seminorm v: k ^ R^o on n 
ring k is nothing else than a subadditive homomorphism of ordered semirings. If we exchange 
the usual addition of Rj.o by the maximum operation, which yields the ordered semiring T of 
tropical numbers, then a subadditive homomorphism v : ^ > T is nothing else than a nonar- 
chimedean seminorm on k. 

Given a field k wifh a nonarchimedean absolute value v : ^ ^ T and an affine ^-scheme 
X = Spec/?, fhe Berkovich analyfificafion X^’ equals fhe set of all semi norms w : /? —> T that 
extend v, i.e. the set of all subadditive homomorphisms w that make the diagram 

k -^ 

I id I 


commute. This suggests the interpretation of the Berkovich space X™ as the set (X (8);tT)(T) of 
T-rational points of the base change X (g)^: T = Spec(/? "T) of X along v. 

The problem is that it is not clear if tensor products exist in general and how to construct 
them. We circumvent this problem by considering the larger category of ordered blueprints, 
which contains tensor products naturally; cf. Remarks 2.7 and 7.7 for details. 
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Ordered blueprints. In the following exposition, we present a different, but equivalent, defini¬ 
tion of ordered blueprints from the main text of this paper. For the precise connection between 
these two viewpoints, cf. Remark 2.6. 

An ordered blueprint is an ordered semiring B+ together with a multiplicatively closed subset 
B* C of generators of B+ that contains 0 and 1. A morphism of blueprints is an order preserv¬ 
ing homomorphism of semirings that sends generators to generators. This defines the category 
OBlpr of ordered blueprints, which turns out to be closed under small limits and colimits and, 
in particular, has a tensor product. We write B for the ordered blueprint B* CB+. 

Some examples are the following. A semiring R can be considered as the ordered blueprint 
B = {R C R), together with the trivial order on R. We call ordered blueprints B whose semiring 
is trivially ordered algebraic, and we can associate with every ordered blueprint B its algebraic 
core which results from replacing the order of by the trivial order. 

We denote the algebraic semiring together with its natural total order by M>°q. Similarly, 
we denote the algebraic semiring T of tropical numbers together with its natural total order by 
TTPo®. More generally, we can define for every ordered blueprint B its associated totally positive 
blueprint B^°^, which is B together with the order generated by the relations a ^b whenever 
there is an c € B^ such that a + c ^b in B^. Note that it comes with a morphism B 

The name stems from the fact that 0 ^ a for every a € BP°^. Note that in general, the order 
of might identify different elements of B+. For instance, RP°^ is trivial if /? is a ring. For 
an idempotent semiring R, however, the totally positive blueprint carries the natural partial 
order of R and we recover R as ( 7 ?pos)core 

Valuations. In agreement with the naive approach explained above, totally positive blueprints 
will play the role of the recipients of valuations. Our interpretation of the domains of valuations 
will pass through the following construction. 

Let B = (B* C B^) be an ordered blueprint. We define its associated monomial blueprint as 
the ordered blueprint B* C + where is the monoid semiring N[B*] of B* modulo the 

identification of the respective zeros of B* and N[B*]. The partial order of + is generated 
by the left monomial relations a with a,bj ^ B* whenever this holds in B+. Note that the 

identity on B* induces a morphism > B. 

With these definitions at hand, we see that a map v : B ^ from a ring B to the non¬ 
negative reals is a seminorm if and only if the composition 

gmon - y g ^ ^ j^PO^s 

is a morphism of ordered blueprints. A map v : B —T is a nonarchimedean seminorm if and 
only if B™°" —> TP°® is a morphism. 

This motivates our general definition of a valuation as a multiplicative map v.B^T between 
ordered blueprints B and T such that B"'”" is a morphism. 

Scheme theory. It is possible to extend ordered blueprints to a geometric category Schpj of 
ordered blue schemes in terms of topological spaces with a sheaf in OBlpr. This comes with a 
contravariant functor Spec : OBlpr —)• Sch^i that associates with an ordered blueprint the space 
of its prime k-ideals. 

In particular, we can consider the sets X{T)o^T -rational points of an ordered blue T -scheme 
X. If T carries a topology, then X{T) becomes a topological space with respect to the fine 
topology, which was introduced by the author and Salgado in [35]. 

Tropicalization and the bend relation. To avoid technicalities concerning scheme theory, we 
restrict ourselves to affine schemes in the following presentation of our results. This suffices to 
explain the essential content of our theory since tropicalization is a process that commutes with 
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restrictions to affine patches and a generalization to geometry is achieved by standard arguments 
in most situations. 

Let k be an ordered blueprint and B an ordered blue k-algebra, i.e. a morphism k ^ B. Let 
V : ^ > r be a valuation. Consider the functor Valv(B, —) that associates with an ordered blue 
T -algebra S the set of valuations w: B ^ S that extend v, which means that the diagram 


t t 

k -^ 

commutes. Let X = SpecB. A tropicalization ofX along v is an ordered blue r-scheme that 
represents Valv(B, —). 

In complete generality, a tropicalization of X along v does not exist. However, in the fol¬ 
lowing two situations, we can prove its existence in terms of an explicit description. Let 
j^mon ^ SpecB“°". 

Theorem A. If T is totally positive, then (g)^mon T is a tropicalization ofX along v. 

This is Theorem 7.4. This theorem realizes the idea that the tropicalization is the base change 
along a valuation. In particular, if k and B are monomial, then X is a tropicalization of X 
along V. 

In order to formulate the second existence theorem for tropicalizations, we have to introduce 
the bend, which is a generalization of the Giansiracusa tropicalization ([21]) to the context of 
ordered blueprints. The bend of an ordered blueprint B along v is the ordered blue T -algebra 
Bendy (B) whose ordered semiring Bendy and whose underlying monoid Bendy (B)* are 
defined as follows. The semiring Bendy(B)+ is fhe quofienf of fhe semigroup semiring r+[B*] 
by fhe relations of fhe form 

{v{c)t)-a = t-{c.a) and t-a + '^t-bj = '^t-bj 

wifh c ^k*,t £ T*, a,bj G B* and a ^ in B+. The monoid Bendy(B)* consisfs of fhe classes 
of elemenfs of fhe form t -am Bendy (B)+ and fhe order of Bendy (B)+ is generafed by fhe order 
of r. 

We say fhaf T is idempotent if r+ is an idempofenf semiring. For X = SpecB, we define 
Bendy(X) = SpecBendy(B). The following is Theorem 7.16. 

Theorem If T is idempotent, then there is a canonical isomorphism 
Bendy [B) ^ jpos^core j 

and Bendy (X) is a tropicalization ofX along v. 

As a consequence, a fropicalizafion of X along v is algebraic and equal fo fhe specfrum of 
(gmon jpos^core jj: j idempofenf and algebraic. If T is idempofenf and fotally posifive, 
fhen Bendy (B) = T. 

In fhe following, we will explain how fhe differenl concepfs of analyfificalion and fropical- 
izafion of classical schemes fif info fhe framework of fropicalizafions of ordered blueprinfs and 
ordered blue schemes. 

Berkovich analytification and Kajiwara-Payne tropicalization. Let k be a field and v: k —^ T 

a valuation. Let Y = SpecR a k-scheme and t :Y ^ Speck[Ao] a closed embedding into a toric 
k-variety. 

The restriction of a seminorm w : k[Ao] ^ T in T™ to Aq is a multiplicative map Aq T. 
If we define Hom(Ao,T) with the real topology coming from T, then this restriction defines a 
continuous map tropff : F™ —> Hom(Ao,T). The Kajiwara-Payne tropicalization ofY is the 
image Trop^f = trop^f (F™) under this map. 
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The associated blueprint B is defined as B+ = R and B* = {ri(ca)|c G k*,a G Aq} where 
Fr: fc[Ao] ^ is the map of global sections induced by l. 

The inclusion B ^ R defines a morphism /3 : F —> Z of ordered blue schemes where Z = 
SpecB. The following summarizes Theorems 8.1 and 9.1. 

Theorem C. The Berkovich space F™ is naturally homeomorphic to Bendv(F)(T), the Kajiwara- 
Payne tropicalization Trop^f (F) is naturally homeomorphic to Bendv(Z)(T) and the diagram 


yan 

h 


tropfr; 


Trop^r(F) 

I- 


Bendv(F)(T) — ^ Bendv(Z)(T) 


of continuous maps commutes. 

F oster-Ranganathan tropicalization. Let = R" 0 U {0} be the idempotent semiring with 
componentwise multiplications and whose addition is defined as faking fhe maximum wifh 
respecf fo fhe lexicographical order. Wifh respecf fo fhe order topology, if is a fopological 
Hausdorff semifield. 

Lef ^ be a field, endowed wifh a higher rank valuation v : ^ Lef F = Spec/? be an 

affine ^-scheme and r: F —)• Spec[Ao] a closed immersion info a foric ^-variefy. 

Replacing T by in fhe definitions of fhe Berkovich analyfificafion and fhe Kajiwara- 
Payne fropicalizafion yields fhe Foster-Ranganathan analytification An™(F) ofY along v and 
fhe Foster-Ranganathan tropicalization Trop^f (F) o/F along v with respect to t, respecfively. 

Lef B be fhe blueprinf associafed wifh l as defined above and Z = SpecB. Lef F ^ Z be fhe 
induced morphism of blue ^-schemes. The following is Theorem 10.1. 

Theorem D. The Foster-Ranganathan analytification An™ (F) is naturally homeomorphic to 
Bendy(F)(T("^), the Foster-Ranganathan tropicalization Trop™(F) is naturally homeomor¬ 
phic to Bendy (Z)(T(”)) and the diagram 


An™(F) — 

I- 

Bendy(F)(TW) 


trop 


FR 

\\L 


Bendy(/3)(TW) 


--Trop™(F) 

1- 

Bendy(Z)(TW) 


of continuous maps commutes. 


Giansiracusa tropicalization and Maclagan-Rincon weights. We remarked already that the 
bend of an ordered blueprint is a generalization of the Giansiracusa tropicalization from [21]. 
The precise relation is as follows. 

Let ^ be a ring and v : ^ ^ T be a valuation into a totally ordered idempotent semiring T. Let 
F = Spec/? be a ^-scheme. Let Aq be a monoid and p :Ao ^ R a. multiplicative map such that 
A:[Ao] R is surjective. The Giansiracusa tropicalization Trop^^(F) ofY with respect to v and 
p is the spectrum of the semiring 

TropGG(/?) = T[Ao]/{a + '£bj^l^bj\p{a) + '£p{bj)=OmR}. 

The blueprint associated with p is B = {A C R) where A = {c.p{a) G R\c € k,a ^ Aq}. The 
following is Theorem 11.2. 

Theorem E. There is a canonical isomorphism Trop^^(/?) ~ Bendy(B)+ of semirings. 

The Giansiracusa tropicalization Trop^^(F) comes with a closed embedding into the toric 
T-scheme SpecT[Ao]. Maclagan and Rincon ([36, Thm. 1.2]) show that the structure of the 
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tropical variety Trop(F) = Trop^^(F)(T) as a weighted polyhedral complex can be recovered 
from this embedding, assuming the following context: v : ^ > T is a valuation with dense image 
such that the value group v{k^) lifts to and assume that Y = Spec/? is an equidimensional 
closed ^-subvariety of G” which corresponds to a multiplicative map t] :Ao ^ R where Aq = 

We show that in this situation, the structure of a weighted polyhedral complex can still be 
recovered from the weaker structure of the associated blue T-scheme Bendv(Z). More precisely, 
we exhibit an explicit formula for the Maclagan-Rincdn weight /r(w) of a T-rational point w of 
Bendv(Z) and show the following in Theorem 12.3. 

Theorem F. Let a be a top dimensional polyhedron o/Trop(F ) = Bendv(Z) (T). Then mult((T) = 
p{w)for every w in the relative interior of a. 

Macpherson analytihcation. Let k be a ring and B a k-algebra. The Macpherson analytifi- 
cation of B over k is the idempotent semiring An{B,k) of finitely generated k-submodules M\ 
and M 2 of B with respect to the addition M\ + M 2 and the multiplication Mi • M 2 given by ele¬ 
mentwise operations. The semiring An{B,k) represents the functor Val(B,k;—) that associates 
with an idempotent semiring T the set of all valuations v : B ^ T that are integral on k, i.e. 
v(c) -I- 1 = 1 for all c G k. 

This concept can be generalized to any ordered blue k-algebra B over an ordered blueprint k. 
A k-span of B is a subset M of B that is stable under multiplication by k* and contains aWb € B 
for which there are elements a,- G M and a relation ^ in B+. A k-span is finitely generated 
if it contains a finite subset such that there is no smaller k-span containing it. We define An(B, k) 
as fhe idempofenf semiring of all finilely generated k-spans of B. 

The definition of Val(B,k;—) extends fo Ibis selling as a functor on idempofenf semirings, 
which are fhe same as B-algebras where B is fhe Boolean semifield. 

In order to describe An(B, k) as a bend, we define B^" as fhe ordered blueprinf B™°" logefher 
wilh fhe order lhal confains all relations of B™”" logefher wilh fhe relations a.l ^ 1 for a G k. 
Define Fi = ({0,1} C N), logefher wilh fhe Irivial order. There is a unique valuation vq : Fi ^ B, 
given by vo(0) = 0 and vo(a:) = 1 for a > 0. The following is Theorem 13.2. 

Theorem G. There is a canonical isomorphism An{B,k) ~ Bendv(,(B^")^ of semirings and 
An(B,k) represents'Va\{B,k',—). 

Lei V : k —> r be a valualion of a ring k info an idempofenf semiring and Ojt = {a G k\v{a) + 

1 = 1}, which is a subring of k. As a consequence of Theorem G, we obfain Bendv(B)+ ~ 
An(B, 0^) ®An(t:,o*) ^ in Corollary 13.4. This provides an alternative to Macpherson’s original 
conslruclion of fropicalizafions via nonarchimedean analytic geomefry, cf. [38, seclion 7.3]. 

Thuillier analytification and Ulirsch tropicalization. Lef k be a field and v : k ^ Oj fhe 

Irivial valuation where Ot is fhe subsemiring {a G T|a -|- 1 = 1} of T. We consider Ot togefher 
wilh ifs topology as a subsel of M. Lef X = Spec/? be a k-scheme. The Thuillier analylificalion 
is fhe sef of all extensions w :/?—)■ Ot of v to /?, togefher wilh fhe lopology induced by Ot- 
Lef a : My —> Ox be a fine and saluraled log slrucfure for X wilhoul monodromy. Then fhere 
is a universal morphism (X,Mx/M^) Fx of monoidal spaces into a Kalo fan Fx, and Ihis 
morphism induces a continuous map trop[^ : X^ —> Lx info fhe extended cone complex Lx of 
OT-ralional poinfs of fhe Kalo fan Fx- The Ulirsch fropicalizafion of a closed k-subscheme F = 
Specs of X is fhe image Trop^^(F) = frop^(F^) in Lx where l refers to fhe closed immersion 
l:Y^X. 

For fhe sake of simplifying Ihis exposition, we assume lhaf fhe Kalo fan is affine. We define 
fhe associaled blue k-scheme Z as fhe specfrum of fhe blueprinf B where B* is fhe image of 
Mx(2f) under Ft : /? ^ S and B+ is fhe subsemiring of S generated by B*. The blue scheme Z 
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comes together with a morphism (3 : Y ^ Z. Then the following summarizes Theorems 14.1 , 
15.6 and 15.10. 


Theorem H. The Thuillier space is naturally homeomorphic to Bendy (X)(Ot), the Ulirsch 
tropicalization Trop[^^(F) is naturally homeomorphic to the topological space Bendv(Z)(OT) 
and the diagram 


Y- 


Bendv(T)(OT) 




Bend„(/3)(OT) 


-Trop^,.(i^) 

I" 

Bendy(Z)(OT) 


of continuous maps commutes. IfY = X and a : Mx —Ox monomorphism of sheaves, then 
we can recover the Katofan Fx and the embedding Trop^^(Z) —)• 'Lxfrom Bendv(Z). 


Note that the restriction to the trivial valuation v : ^ ^ Or is caused by the following technical 
obstruction: the Ulirsch tropicalization relies on the choices of local sections to Mx Mx /^x > 
and this contribution can be avoided since 0^ = {1}. Passing from the fine and saturated log 
structure to the associated blue scheme avoids these choices and overcomes any restrictions on 
the valuation. 


Conclusion. The scheme theoretic tropicalization in terms of blue schemes provides a frame¬ 
work that embraces all other concepts of tropicalization considered in this paper, up to some 
technical restrictions that we address below. This theory extends the different generalizations 
of the Kajiwara-Payne tropicalization commonly into all directions, with exception of the re¬ 
strictions mentioned below. In particular, this means that the scheme theoretic structure of 
the Giansiracusa tropicalization extends to the context of Thuillier analytification and Ulirsch 
tropicalization of fine and saturated log schemes with respect to any valuation v : k ^ T into 
idempotent T. 

Another more subtle improvement is the following. The tropicalization of a blue scheme 
comes with the structure of a blue scheme. This additional structure determines the tropical 
variety as a topological space, and in the case of a closed subscheme of a torus, it encodes the 
weights that appear if the tropical variety is gets identified with a polyhedral weighted complex. 
This has the consequence that we can detach the tropicalization from its ambient space like a 
toric variety or an extended cone complex. 

Technical restrictions. In this text, we do not pursue a theory of etale morphisms for blue 
schemes. Therefore we restrict ourselves to Zariski log schemes in our treatment of Ulirsch 
tropicalization. We further assume that the continuous map x-X^Fx from the log-scheme X 
to its Kato fan satisfies that the inverse image of an affine open subsef is affine. 

We expect that these restrictions are not essential, but we leave the treatment of a more gen¬ 
eral theory and, in particular, etale morphisms for ordered blue schemes to future investigations. 

Content overview. This text is divided into two parts. The first part introduces ordered blueprints 
and ordered blue schemes. The second part applies this theory to tropicalization. 

The first part contains the following sections. After settling some conventions for this paper 
in section 1 , we introduce ordered blueprints and various subcategories and functorial construc¬ 
tions in section 2. In section 3, we explain the relation of our notion of valuations to seminorms 
and Krull valuations. In section 4, we review and extend the theory of blue schemes to the realm 
of ordered blueprints, which provides the scheme theoretic background for the constructions in 
the second part of the paper. In section 5, we explain how a topology on an ordered blueprint T 
yields a topology on the setX(r) of T-rational points. In section 6, we explain the connections 
to relative schemes after Toen and Vaquie and comment on the differences to the earlier version 
[34] of this paper. 
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In section 7, we introduce the general concept of tropicalizing an ordered blue scheme along a 
valuation and prove the central results Theorems A and B. In the subsequent sections, we explain 
the relation to other concepts of analytifications and tropicalizations and prove Theorems C-H. 
Since the section headers are self-explanatory, we refer the reader to the table of contents for 
finding the corresponding results. 

Acknowledgements. I would like to thank Sam Payne for organizing the meeting Algebraic 
Foundations for Tropical Geometry in May 2014. I would like to thank all participants for 
our discussions during the workshop. My particular thanks go to Matt Baker and Andrew 
Macpherson for their patient explanations on analytic geometry and skeleta; to Jeff and Noah 
Giansiracusa for our conversations on scheme theoretic foundations; to Diane Maclagan for 
sharing her ideas on tropical schemes and her comments on a previous version of this text; and 
to Martin Ulirsch for our discussions on the connection between blue schemes and log schemes, 
and for his careful corrections of a previous version. I would like to thank Ethan Cotterill for 
bringing several publications to my attention and for his help with various questions on tropical 
geometry. I would like to thank Walter Gubler, Joseph Rabinoff and Annette Werner for their 
explanations on skeleta, which led me to the conclusion that the theory of this paper is not 
yet sufficiently developed to explain skeleta as rational point sets of underlying schemes. I 
would like to thank Foster Tyler and Dhruv Ranganathan for their explanations on higher rank 
analytifications and tropicalizations. 

Part 1. Ordered blueprints 

In the first part, we set up the theory of ordered blueprints and ordered blue schemes. The 
category of ordered blueprints recovers well-known objects as ordered semirings and monoids 
as well as blueprints, halos, hyperrings and sesquiads. Several constructions of endofunctors 
allow us to talk about seminorms and valuations in terms of morphisms. Section 2.10 contains 
an illustration of the relevant subcategories of the category of ordered blueprints. 

The spectrum of an ordered blueprint is based on the notion of a prime k-ideal, which yields 
a topological space together with a structure sheaf. This lets us define an ordered blue scheme 
as a so-called ordered blueprinfed space fhaf is covered by specfra of ordered blueprinfs. Afler 
explaining how a fopology for an ordered blueprinf T induces a fopology for fhe sef A(r) of 
T -rafional poinfs of an ordered blue scheme X, we briefly skefch how fhe approach fo ordered 
blue schemes is connecfed fo Toen and Vaquie’s relative schemes, and commenf on fhe gap 
originating from differenf Grofhendieck fopologies on fhe cafegory of ordered blueprinfs. 

1. Conventions 

In fhis fexf we use fhe following convenfions. A monoid is a mulfiplicafively wriffen commu- 
fafive semigroup A wifh unif elemenf 1 and a morphism of monoids is a mulfiplicafive map 
fhaf maps 1 fo 1. A monoid with zero is a monoid A wifh an additional elemenf 0 fhaf satisfies 
0 • a = 0 for all a € A. A morphism of monoids wifh zero is a morphism of monoids fhaf maps 
0 fo 0. We denofe fhe category of monoids wifh zero by Mon. 

A semiring is always commutative with 0 and 1. A ring is a semiring with an additive inverse 
— 1 of 1. An idempotent semiring is a semiring with 1 -|- 1 = 1. 

The reader that is familiar with blueprints will find fhaf fhe definition in secfion 2.3 is equiva- 
lenf fo fhe definitions in ofher fexfs on blueprinfs, like [31] and [33], wifh fhe excepfion of [31] 
where a blueprinf in fhe sense of fhis fexf is called a proper blueprint with zero. 

As a lasf poinf, we like fo draw fhe reader’s affenfion fo fhe following inconsisfency wifh 
sfandard nofafion, as used in fhe infroducfion. Tensor producfs and free objecfs of (ordered) 
semirings, considered in fhe cafegory of (ordered) blueprinfs, are nof (ordered) semirings. Our 
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convention is to use the according standard symbols for the constructions in the category of 
ordered blueprints and to refer to the corresponding construction inside the category of ordered 
semirings with a superscript This applies to the following notations. 

Given a blueprint B and a monoid with zero A, we write B[A] for the free blueprint over B, 
whose underlying set is {0} U {b ■ a\b ^ B,a ^ A}. We write B[A]+ for the generated semiring. 
For instance, while we denote by N[A]+ = G N} the semiring of polynomials, we 

denote by N[A] the blueprint of monomials aT‘ with a G N. Given semiring homomorphisms 
D ^ B and D ^C, we denote by B (8)^ C the tensor product in the category of semirings, which 
differs in general from the tensor product B^dC in the category of blueprints. Note that the 
precise relationship is given by B C = {B Go C)+. 

Another instance of this notation are the affine line and the multiplicative group scheme. 
In the category of (ordered) blueprints, the functor B B is represented by = SpecB[X] 
and the functor B ^ B^ is represented by Gm,B = SpecB[A^']. To distinct these objects from 
the classical affine line and the classical multiplicative group scheme for a semiring B, we use 
= SpecB[A]+ and = SpecB[X"*"^]’^ for the latter objects. 

2. Basic definitions 

In this section, we introduce the category of ordered blueprints and various subcategories and 
endofunctors that are of relevance for this paper. 

Definition 2.1. An ordered blueprint is a monoid A with zero together with a subaddition on A, 
which is a relation fR on the set N[A]+ = {^a,ja,' G A} of finite formal sums of elements of A 
that satisfies fhe following list of axioms (where we write ^ for ^ ^ with 

ai,bj G A, and where 0 is the zero in A and (empty sum) is the empty sum in N[A]+). 

(Bl) Cl Cl for 3.11 Cl ^ ^ 

(B2) Y ^ ^rid Y^j ^ implies Y^i ^ Y^^ic', (transitive) 

(B3) Y ai ^ ^^bj and ^ implies ~i~^Y^k ^ ^Y^j (additive) 

(B4) Y^i ^ ^ird Y^k ^Ydi implies Y‘^i(^k ^ Y^i^b (multiplicative) 

(B5) 0 ^ (empty sum) and (empty sum) ^ 0; (zero) 

(B6) a ^b and b ^a implies a = b as elements in A. (proper) 

We write B = A / IR for an ordered blueprint with A and IR as above. A morphism of ordered 
blueprints B\ =A\//‘Ji\ and B 2 = A 2 /fR 2 is a monoid morphism / : Ai ^ A 2 such that 
Ybj implies Yfi'^i) ^2 Y^fi^j)- We denote the category of ordered blueprints by OBlpr. 

Note that axioms (Bl) and (B2) state that fR is a pre-order on N[A]+, and axiom (B6) states 
that IR restricts to a partial order on A, considered as a subset of N[A]+. 

Often, we refer to the underlying set of A by the symbol B, i.e. we write a G B for a G A 
and / : Bl —)• B 2 for the underlying map Ai —A 2 of monoids. We say that ^ Y^j holds in 
B = A/fR if (^ a,, ^(ly) is an element of fR. We write Y^ii ^Y^bj if Yi>j and Y‘^i^ll if 

both Ykii ^ Ybj and Y kii ^ Y.bj- For instance, axiom (B5) can be rewritten as 0 = (empty sum). 

Any set S of relations (of the form ^ Y.bj) has a closure (S) under axioms (B1)-(B5), 
which is the smallest relation fR on N[A]+ that contains S and satisfies axioms (B1)-(B5). How¬ 
ever, axiom (B6) plays a resfricfive role: not every set S of relations is contained in a relation 
fR on N[A]+ that satisfies (B6). Therefore (S) will always refer to the closure under (B1)-(B5), 
while B = A//{S) refers to the proper quotient, as introduced in the following section. 

Every monoid A with zero has a smallest subaddition (0), and we consider A as the ordered 
blueprint A / (0). Since a map Ai ^ A 2 is a morphism in Mon if and only it is a morphism in 
OBlpr, this defines a full embedding Mon ^ OBlpr. We say that an ordered blueprint B is a 
monoid if it is in the essential image of this embedding. 
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2.1, Proper quotients. Given a pair B = (A, 3?) that satisfies axioms (B1)-(B5), we can as¬ 
sociate with it the following ordered blueprint Bprop = (A/ We define the equivalence 

relation ~ on A by a ~ if a = We define Lbji^L cii ^ where di^bj ^ (A/ 
are the respective classes of ai,bj G A. By axiom (B5), A/ ~ is a monoid with zero, and axiom 
(B2) ensures that the definition of 3? is independent of the choice of representatives. It is easily 
verified that Bprop is indeed an ordered blueprint, which we call the proper quotient ofB\ we say 
that B = (A, 3J) is an f improper) representation o/Bprop- We denote by A/3J the proper quotient 
of (A, 3?). 

Let B = (A, 31) be as above and / : B —> C a multiplicative map into an ordered blueprint 
C such that ^ Y^bj in B implies ^ 'Lf{bj) in C. Then / factors uniquely into the 

quotient map B —> Bprop followed by a morphism /prop : Bprop —C. This shows that (—)prop is 
functorial in pairs (A, 3?) as above. If we want to stress that (A,3J) is a proper representation of 
B, then we write that B = (A, 3?) is an ordered blueprint. 

Let B = A/31 be an ordered blueprint and ~ the restriction of 3J to A. Then we call B* = A/ ~ 
the underlying monoid Aj ~ of A / 3?. Note that a morphism B ^ C determines a monoid 
morphism f*:B*^ C* between the underlying monoids of B and C. This yields a functor 
(—)* : OBlpr —> Mon, which is right adjoint and left inverse to the embedding Mon ^ OBlpr. 

We say that a morphism / : B —> C is injective or surjective if the map f*\B*^ C* be¬ 
tween the underlying monoids is injective or surjective, respectively. A morphism / : B —>• C of 
blueprints is/rZZ if every relation ^ 'Lfibj) in C with ai,bj € B implies ^ Y.bj in 

B. 

A subblueprint o/ B is a blueprint B' together with an injective morphism B' —> B. Note 
that a morphism is a monomorphism if and only if the map between the underlying monoids 
is injective. A subblueprint is full if the inclusion B' ^ B is full. Note that a full subblueprint 
B' C B is determined by the submonoid (B')* of B*. 

Let B = A/31 be a blueprint and S be a set of relations on N[A]+. We denote by B/(S) the 
blueprint A / (3J U 5). 

2.2. Limits and colimits. The product B = A / 3? of a family of blueprints B/ = A/ / 3J/ is 
represented by the Cartesian product A = Y\Ai of the underlying monoids with coordinatewise 
multiplication, together with the subaddition 

^ = { ^ I Y^i-i ^ Y^i'< ^ }• 

The equalizer eq(/,g) of two morphisms /,g : Bi B 2 is represented by the full ordered 
subblueprint B = A/3J of Bi with 

A = { a GBi I f{a) = g{a) }. 

The coequalizer of two morphisms /i, /2 : B i —)• B 2 is A/3J where A is the underlying monoid 
of B 2 and 3? is generated by the subaddition of B 2 and all relations of the form fi{a) = / 2 (a) 
with a G Bi. 

The coproduct of two ordered blueprints B and C is the smash product B AC, which is ob¬ 
tained from Cartesian product B x C by identifying B x {0} U {0} x C with 0. In particular, 
there is a tensor product B ( 8)25 C for every diagram B ^ D ^ C, which is the quotient of B x C 
by all relations of the form {db,c) = {b,dc) where b ^ B, c £ C and d £ D. The coproduct of 
an infinite family is the filtered colimit of the coproducts of its finite subfamilies. The filtered 
colimit can be constructed as usual; for instance, see [ 12 ]. 

An initial object of OBlpr is the monoid Fi = {0,1} and a terminal object is the trivial 
blueprint 0 = {0}/ (0). We summarize: 

Lemma 2.2. The category of ordered blueprints is complete and cocomplete with initial and 
terminal objects. □ 
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2.3. Algebraic blueprints. Whenever we see the need to make a clear distinction between 
blueprints as considered in [31] and other types of blueprints as they appear in this text, we 
shall call them algebraic blueprints. 

An (algebraic) blueprint is a pair of a monoid A together with a preaddition, which is a 
subaddition 3? that satisfies 

(B7) ^ Y.bj if and only if ^ (symmetric) 

i.e. is an equivalence relation on N[A]+ that satisfies the additional axioms (B3)-(B6). In other 
words, an ordered blueprint B = A//(R is an algebraic blueprint if and only if 3? is symmetric. 

A morphism of algebraic blueprints is the same as a morphism of ordered blueprints. We 
denote the full subcategory of algebraic blueprints in OBlpr by Blpr = OBlpr^*® and the embed¬ 
ding as full subcategory by 

^aig; Blpr —^ OBlpr. 

The embedding has a left adjoint 

(_)huii . QBip^ —^ Blpr, 

which sends an ordered blueprint B = A/fk to its algebraic hull = A/3?*’“** with 

^hull ^ I ^ I ^ g I 

Note that (A, 3?*’“**) is in general not a proper representation of even if (A, 3?) is a proper 
representation of B. The algebraic hull comes with a canonical morphism B that maps 

a € B to its class in the proper quotient of (A,3?*’“**). This morphism is universal among all 
morphisms from B to algebraic blueprints, which explains the functoriality of 
The embedding has also a right adjoint 

(_)core . QBipr — ^ Blpr, 

which sends an ordered blueprint B = A/31 to its algebraic core = A/with 

J^core ^ I I g | 

Note that (A, 3?'^°"^®) is always a proper representation of B'^™^ if (A, fk) is a proper representation 
of B. The algebraic core comes with a canonical morphism B that is the identity on 

the underlying monoid A. This morphism is universal among all morphisms from an algebraic 
blueprint to B, which explains the functoriality of 

Lemma 2.3. An ordered blueprint B is an algebraic blueprint if and only if one of the following 
equivalent conditions are satisfied: 

(i) The canonical morphism B —> is an isomorphism. 

(ii) The canonical morphism B^°^^ B is an isomorphism. 

(iii) The canonical morphism is an isomorphism. 

Proof. This follows easily from the definitions. □ 

2.4. Blueprints with inverses. A blueprint with — 1 (or with inverses) is an ordered blueprint 
a blueprint B that contains an element —1 that satisfies 1 + (—1) =0. This implies that every 
element a ^ B has an additive inverse, which is an element —a with a + {—a) = 0. The additive 
inverse is necessarily unique. 

The blueprint Fi 2 = {0,±l}/(l + (—1)=0) has a unique morphism into any other blueprint 
with — 1. Therefore the full subcategory of blueprints with — 1 corresponds to Blpr^^^, and the 
base change functor — (g)Fj Fj 2 : OBlpr —> Blpr^^^ is left adjoint and left inverse to the inclusion 
i'™ : Blprp^^ —> OBlpr as a subcategory. We also write B™'' for B (8)F| F p. 

Lemma 2.4. Every ordered blueprint with — 1 is an algebraic blueprint. 
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Proof. By multiplication with — 1, a relation ^a, ^ implies that ^ —a, ^ ^ —bj and thus 
Y^bj = £Z7y + £-a,+£a; ^ 

which shows that, indeed, = Y,bj. □ 

Summing up all facts, we justified the notation Blpr'"'' or Blprjp.^^ for the full subcategory of 
blueprints with — 1 in OBlpr. 

2.5. The universal ordered semiring. In this text, an ordered semiring is a semiring R to¬ 
gether with a partial order ^ that satisfies for all x,y,z,t € /? 

(51) X ^ y and z ^ t implies x -|- z ^ y -h f i (additive) 

(52) X ^y and z^t implies xz ^ yt. (multiplicative) 

A morphism of ordered semirings is an order-preserving homomorphism of ordered semirings 
fhaf maps 0 fo 0 and 1 fo 1. 

Lef B = A/3J be an ordered blueprinf. The universal ordered semiring B+ associated with B 
is fhe semiring N[A]+/fR‘^“® fogefher wifh fhe parfial order defined by 

[^a,] ^ in if and only if 

Nofe fhaf B+ is well-defined as an ordered semiring: by addifivify and mulfiplicafivify of IR, 
B+ inherifs fhe sfrucfure of a semiring as a quofienf of fhe semiring N[A]+; by fransifivify, fhe 
parfial order on B+ is well-defined (as a relafion on B+); by reflexivify and fransifivify of IR 
and fhe definition of B+, fhis relafion is indeed a parfial order on B+; again by addifivify and 
mulfiplicafivify, fhe parfial order of B+ is additive and mulfiplicafive. 

A morphism / : B ^ C of ordered blueprinfs induces a morphism of ordered semirings /+ : 
B+ —> C+ fhaf is defined by /([L^j]) = E/(^i)]- This esfablishes fhe functor (—)^ from OBlpr 
to fhe cafegory of ordered semirings. 

Conversely, we can consider every ordered semiring (B, as an ordered blueprinf B = A/fR: 
we lef A be fhe underlying mulfiplicafive monoid of R and define 

^ ^ I ^ 

Then a map befween ordered semirings is fhe same as a morphism befween fhe associafed 
ordered blueprinfs. This defines an embedding of fhe cafegory of ordered semirings as a full 
subcafegory of fhe cafegory of ordered blueprinfs, which is a leff adjoinf fo (—)^. Moreover, 
(—) + o t+ is isomorphic fo fhe identify functor on fhe cafegory of ordered semirings. 

From now on, we identify fhe cafegory of ordered semirings wifh fhe essenfial image of 
which allows us fo falk abouf morphisms from ordered blueprinfs info ordered semirings. We 
see fhaf an ordered blueprinf B = A/fR comes wifh fhe morphism B —)■ B+ fhaf sends a G A fo 
fhe class [a] G B+. This morphism is universal for morphisms from B info ordered semirings. 

We identify fhe cafegory of semirings wifh fhe subcafegory of frivially ordered semirings. 
This coincides wifh fhe realization of semirings as algebraic blueprinfs, followed by fhe em¬ 
bedding of Blpr info OBlpr. We derive yef anofher characferizafion of algebraic blueprinfs in 
OBlpr. 

Lemma 2.5. An ordered blueprint B is an algebraic blueprint if and only if B^ is trivially 
ordered. □ 

Remark 2.6. The subaddifion IR of B can be recovered from fhe embedding B* C B+ as 

An order preserving homomorphism /: Bj^ —)■ Bj of ordered semirings comes from a morphism 
of blueprinfs Bi —> B 2 if and only if / maps fhe underlying monoid of Bi to fhe underlying 
monoid of B 2 . 
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This yields an equivalence between the category of ordered blueprints, as defined in this 
section, with the category of inclusions B* C as considered in the introduction. 

2.6. Monomial blueprints. The first step towards realizing norms and valuations as morphisms 

is to concentrate on inequalities of the form a We can associate with every ordered blue¬ 

print an ordered blueprint based on inequalities of this sort in a functorial way. 

A (left) monomial relation is a relation of the form a ^ Y^j- ^ (l^ft) monomial (ordered) 
blueprint is an ordered blueprint B whose subaddition IR is generated by monomial relations, 
i.e. 

‘R = {a^Y.^j\{a,Y^bj)^R). 

We denote the full subcategory of monomial blueprints in OBlpr by OBlpr'"°". 

Let B = A//R he an ordered blueprint. The associated monomial blueprint is defined as 
wifh 

3?mon = (^a^^bj \a^^bjinB^. 

The obvious inclusion —)• B is universal for all morphisms from a monomial blueprinf fo 

B, and if is an isomorphism if and only if B ilself is monomial. This defines a righf adjoint and 
left inverse (—: OBlpr —> OBlpr™°" to the inclusion functor : OBlpr"”™ —> OBlpr. 

Remark 2.7. Paugam’s category Halos of halos and halo morphisms in [44] appears naturally 
as a full subcategory of OBlpr™”". A halo is an ordered semiring and a (multiplicative) halo 
morphism is a order preserving multiplicative map / : Bi ^ Bi of ordered semirings such that 
/(O) =0,/(l) = 1 and f(a + b) ^ f(a)+ f{b). If we consider Bi andB 2 as ordered blueprints, 
then it is easily seen that a map / : Bi —>• B 2 is a halo morphism if and only if the composition 
f : B™™ ^ Bi —>• B 2 is a morphism of ordered blueprints. By the universal property of a 
monomial blueprint, f factors uniquely through the morphism ; B™°" B™°" of blueprints. 
This defines a fully failhful embedding (—: Halos —> OBlpr™™. 

Remark 2.8. Anofher closely relafed concepf is fhe nofion of a hyperring, cf. [49], [28], [55], 
[56] and [13]. A (commutative) hyperring is a mulfiplicafive monoid R fogefher wifh a funcfion 
f-R X B —)■ IP(B) info fhe power sef T(B) of R fhaf associafes defines fhe sum a + b of fwo 
elemenfs a,b ^ R as a non-empfy subsef of R. This funcfion satisfies cerfain axioms in analogy 
fo fhe classical ring axioms. Given a hyperring R, we define fhe blueprinf B = R* //Rr where 
Rr is generafed by fhe monomial relafions c ^ a + b whenever c £ a + b. This defines a full 
embedding of fhe cafegory of hyperrings info fhe cafegory of monomial blueprinfs. 

2.7. Partially additive blueprints. A partially additive blueprint is an algebraic blueprint B 

whose preaddition is generated by relations of the form a = Ybj- We denote the full subcategory 
of partially additive blueprints in OBlpr by Blpr^""^"*. To an ordered blueprint B = A//R, we can 
associate a partially additive blueprint = B/IRP®"*"^ where fRP"""^"* is generated by all relations 
a = Ybj that are contained in R. The inclusion BP“‘*‘^ —B is universal for all morphism from a 
partially ordered blueprint to B. This defines a right adjoint and left inverse (—)p®‘^‘* : OBlpr —> 
BlprP"""^"* to the inclusion functor : BlprP"""*"^ —)• OBlpr. 

By the very definition of partially additive and monomial blueprints, we obtain that (—: 
BlprP""^"* ^ BlpT"°" is a fully faithful embedding of categories with left adjoint and left in¬ 
verse (—: Blpr™™ —)• BlprP""*"^. This means that we model the category of partially additive 
blueprints as monomial blueprints, which will be of importance for our observations in sec¬ 
tion 7.2. Note that examples of partially additive blueprints include semirings, monoids and 
blueprints with — 1. 

Remark 2.9. Partially additive blueprints are closely connected to the idea of a sesquiad, cf. 
[15]. Namely, a sesquiad is a monoid A together with partial functions f„ : A" —■> A (for n ^ 1) 
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that satisfies certain axioms. The functions /„ express the sum a = Y,bj G A if {bi,... ,bn) is 
in the domain of fn. Equivalently, a sesquiad is a partially additive blueprint B = Ajl'Ji that is 
cancellative, i.e. the canonical morphism B+ g+.m'' is injective. 

2.8. Totally positive blueprints. A totally positive blueprint is an ordered blueprint B that sat¬ 
isfies 0^1. We denofe fhe full subcafegory of fofally posifive blueprinfs in OBlpr by OBlpr'’°^ 
Eel B = A/IR be an ordered blueprinf. The associated totally positive blueprint is defined as 
gpos _ ^ which is fhe same as B(8 )Fj (Fi/( 0 < 1)). The obvious morphism B —> 

is universal for all morphisms from B fo a folally posifive blueprinf, and if is an isomorphism 
if and only if B ilself is fofally posifive. This defines fhe functor (—)p°® : OBlpr —> OBlprP°^ 
which is lefl adjoin! and leff inverse to fhe inclusion OBlprP°* ^ OBlpr as a subcafegory. 

Lemma 2.10. Let B be an ordered blueprint. Then the following are equivalent. 

(i) B is totally positive; 

(ii) 0 ^ a for all a G B; 

(hi) ^ implies Y,ai ^ 

Proof. Eef B satisfy (i). Mulfiplying fhe relation 0 ^ 1 by a G B yields (ii). 

Eel B satisfy (ii). A relation '£,^i + 'Lck ^ 'Lbj implies + 1^0 ^ +Lc/t ^ 'Lbj, 

which is (iii). 

Eel B satisfy (iii). Then 0+1^1 implies 0^1. Thus (i). □ 

Corollary 2.11. Let B be an ordered blueprint. 

(i) If a ^0 in B, then a = 0 in BP”*^. 

(ii) If 1 + Y,Ck ^ 0/or some Ck in B, then BP°® is the trivial blueprint. Thus ifB is with —1, 
then B'^°^ = 0. 

(iii) The canonical morphism B —)• BP°® is the identity between the respective underlying 
monoids if and only if 

a + ^Ck^b and b + ^di^a imply a = b in B. 

If B is a semiring, then this is the case if and only ifa + c + d = a implies a + c = a. 

Proof. By Lemma 2.10 (ii), we have 0 ^ o for all a in BP°^ If a ^ 0 in B, Ihen a = 0 in BP°/ 
which shows (i). 

By Lemma 2.10 (iii), a relation 1 + ^ 0 in B implies 1 ^ 0 in BP°^ Thus 0 = 1 by (i), 

which is equivalenl wilh BP°® = 0. This shows (ii). 

We prove (iii). By definilion, fhe canonical morphism B ^ BP°® is a surjective monoid mor¬ 
phism. Two relalions a + Y,Ck ^ b and b + Y,di ^ a in B imply lhat a = b in BP°/ which 
shows thal already o = h in B if B —> BP°® is an isomorphism belween fhe respective underlying 
monoids. 

Since all additional relations in BP°® are generaled by leaving oul summands on fhe left 
hand side of relations in B, we get only new relations o ^ h in BP°'‘ for relations of the form 
+ Hck ^binB. Erom this, the other direction of the claim follows. 

If B is a semiring, we can substitute Y,Ck by its sum c and Y,di by its sum d. Moreover, the 
inequalities a + c ^b and b + d ^a we. equalities, which yields 

a + c + d = b + d = a. 

On the other hand, a + c + d = a yields b + d = a if we set b = a + c, i.e. we re-obtain the 
two equations that we started with. With the same substitution b = a + c, the equation a = bis 
equivalent to a = a -|- c. This proves the latter claim of (iii). □ 
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2.9, Strictly conic blueprints. In this section, we encounter the question under which condi¬ 
tions isomorphic to B. 

A strictly conic ordered blueprint is an ordered blueprint B that satisfies 

(B8) + wdY^bj + Y^di ^ ^^cii imply ^n/ — (stidctly conic) 

We denote the full subcategory of strictly conic ordered blueprints in OBlpr by OBlpr^^™^^. Let 
B = A//“Jlh&w ordered blueprint. The strictly conic ordered blueprint associated with B is the 
ordered blueprint = ^// where is generated by 3? and 

{Y^ai = Y^bj |£a,+£ci<£fiyand£f7y + £r//^£a,- }. 

The associated strictly conic ordered blueprint comes together with the obvious morphism 
B —> which is universal for all morphisms from B to a strictly conic ordered blueprint. 

This defines the left adjoint and left inverse (—; OBlpr —> OBlpr‘^°'"‘^ to the inclusion 
OBlpr‘^°“‘^ —!> OBlpr as a subcategory. 

In order to investigate the relation between an ordered blueprint B and consider 

the commutative diagram 



Proposition 2.12. The map Pb is an isomorphism of blueprints if and only ifB is strictly conic. 

Proof Assume that Pb is an isomorphism. Since f^ai + f^Ck ^ Y.bj and Y.bj + Y,di ^ f^ai in 
B imply = Y,t>j in BP°% and therefore in (gposjcore^ must also hold in as (3b is an 
isomorphism. By the definition of the algebraic core, ^Y.bj in B, which shows that B is 
strictly conic. 

To prove the reverse direction, assume that B is strictly conic. By Corollary 2.11 (hi), is 
an isomorphism between the underlying monoids. The maps and are so, too, by the 
definition of the algebraic core. This shows that (3b is an isomorphism between the underlying 
monoids. 

Given an equality = Y,t>j in (gposjcore^ must already hold in BP°®. By the definition 
of BP°% there must be relations of the form PY^Ck ^ Y^bj and ^ in B. As 

B is strictly conic, we have = Y.bj in B and therefore in This shows that /3 b is an 
isomorphism. □ 

Let Blpr^^™^^ be the full subcategory of strictly conic algebraic blueprints in OBlpr. 

Corollary 2.13. Let B be an algebraic blueprint. Then (gpos^core isomorphic to B if and only 
ifB is strictly conic. Consequently, (—jP”** embeds fully faithfully into OBlpr^”*^, with 

left-inverse □ 

Corollary 2.14. Let B be a semiring. Then the following are equivalent. 

(i) B is strictly conic. 

(ii) B = B‘^°’'® —)• (gposjcore isomorphism. 

(hi) a + c -\- d = a implies a-\-c = a. 

(iv) B —> BP”*^ is an isomorphism between the underlying monoids. 


Proof. The equivalence of (i) and (ii) is Corollary 2.13. The equivalence of (hi) and (iv) is 
Corollary 2.11 (hi). That (iii) is equivalent to (i) is shown analogous to the proof of Corollary 
2.11 (hi). □ 
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Recall that a strict semiring is a semiring B such that an equality a + b = 0 implies <7 = 0. 
An idempotent blueprint is a blueprint B with 1 + 1 = 1, which implies a + a = a for every 
a € B. We denote the full subcategory of OBlpr of idempotent blueprints by OBlpr'‘^^“. Its 
initial object is the boolean semiring B = {0,1}/(1 + 1 = 1) and the functor — B is a left 
adjoint and left inverse to the inclusion functor OBlpr'‘^'^™ —OBlpr. A nonnegative blueprint 
is a blueprint B such that the only element a G B with a ^ 0 is a = 0. 

Lemma 2.15. The following holds true. 

(i) A strictly conic semiring is strict. 

(ii) An idempotent blueprint is strictly conic. 

(iii) A totally positive blueprint is strictly conic. 

(iv) A nonnegative monomial blueprint is strictly conic. 

Proof. Let R be a strictly conic semiring. Since a + b = 0 implies 0 + a + b = 0 and thus 
a = 0 + a = 0, Risa strict semiring. Thus (i). 

Let B be an idempotent blueprint and assume that L< 3 , + and + 

Then 

Y^ai = 

= Y^^i + + Y^^k Y^^l 

= Y‘^i ^Y^ i ~^Y^^ ^Y^t 

which, by reasons of symmetry, equals Y.t’j. Therefore B is strictly conic. Thus (ii). 

If B is totally positive, then the relations Y^at + Y^Ck = Y,bj + Y,di = imply 

L^< ^ ^ Thus ^< 7 , = Y,bj as desired. This shows (iii). 

Let B be non-negative and monomial and consider Y^at + Y^Ck ^ Y^bj and Ybj + Y<^i ^ 
where we assume that ai,bj,Ck,di are non-zero. These relations are generated by left monomial 
relations of the form a' ^ Y^'j^ which contain at least one nonzero term b'j if a' is nonzero since 
B is nonnegative. Therefore #{ai,Ck} + #{^;} and #{bj,di} + #{< 7 ,}, which is only possible if 
{q} = {di} = 0. Consequently, Y<^i = which shows that B is strictly conic as claimed in 
(iv). □ 

Corollary 2.16. IfB is an idempotent ordered blueprint, then the canonical morphism B^°^^ 
(gpos^core isomorphism and the canonical morphism B is a bijection. 

Proof. By Lemma 2.15, B is strictly conic and by Proposition 2.12, R™'® ^gpos^core 
isomorphism. Consequently, we obtain a bijection = (gpos^core ^ gpos^ which factors into 
the canonical morphisms B'^™^ —> B and B B^°^. Since ^ B is a bijection, we conclude 
that B —> is also a bijection. □ 

Example 2.17 (A strict semiring that is not strictly conic). The semiring R = N[S, 7]+/(1 + 
S + T = 1) is obviously a strict semiring. However, 1 + S + T = 1 while 1 + S 7 ^ 1, which shows 
that R is not strictly conic. 

Example 2.18 (Idempotent semirings). We can endow an idempotent semiring B with the par¬ 
tial order <7 ^ (7 if and only if there is a c € B such that a + c = b. By Corollary 2.16, B —> BP”** is 
a bijection and by Lemma 2.10 (iii), the partial order associated with B is equal to the restriction 
of the subaddition of BP°'‘ to its underlying set, which is equal to B. This observation is crucial 
for our reinterpretation of valuations in idempotent semirings in terms of morphisms into the 
associated totally positive blueprint. 

Example 2.19 (Non-negative reals and tropical numbers). The non-negative real numbers M^o 
form a strictly conic semiring with respect to to their usual multiplication and addition. A more 
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general class of strictly conic semirings are the non-negative reals together with the modified 
addition 

a+'6 = I 

1^ max|a,o} iff = oo. 

We denote this semiring by and R^q by T, the tropical numbers. Note that taking loga¬ 
rithms identifies T with the max/-|—semiring RU {—°°}, which is more commonly considered 
as the semiring of tropical numbers. 

By Corollary 2.14, Rj.o —^ R>°o and T —> are isomorphisms between the underlying 

monoids, which is in both cases R^g- subaddition of R^™ is 

{ ^ ^bj I -|-c = ^bj for some c in R^g } ; 

which coincides with the natural order of Rj^o if we identify with its sum in R^so- The 
subaddition of TP°* is " 

{ ^ I rriax{n rs\3.x{bj\ in R^o } ; 

which also induces the natural order of R^g if restricted to relations of the form a^b with a,b ^ 
R^g. For the consideration of non-archimedean norms, it is useful to observe the following 
comparison between these two totally positive blueprints. 


Lemma 2.20. The identity between the underlying monoids induces a morphism 

^'jppos^mon _ y ^j^pos^mon 


of monomial blueprints. 


Proof. By the above description of the respective preadditions of R>°q and TP°% we conclude 
that the preaddition of ('j’pos)™'’" is generated by the relations of the form a ^Y^bj whenever 
a ^ max{fiy} as elements of R^g. These relations are also contained in (R>°q)"’°". This shows 
that the identity map (rP°q between the underlying monoids is a morphism of 

blueprints. □ 


2.10. Overview of subcategories. We denote the category of semirings by SRings and the 
category of rings by Rings. They both form full subcategories of OBlpr by associating with a 
(semi)ring R the blueprint B = R* // (Ol) where 3? = in 7?}. Note that a 

semiring is a ring if and only if it is with inverses. 

Note also the following facts: a monomial blueprint that is algebraic is a monoid; a totally 
positive algebraic blueprint is trivial; a strictly conic blueprint with inverses is trivial. 

Using the previous results on the relations of the different subcategories of OBlpr, we can 
illustrate the subcategories of OBlpr that are relevant to this text as in Figure 1 . An inclusion of 
areas indicates an inclusion of subcategories, and areas with empty intersection indicates that 
the only common object in the corresponding subcategories is {0}. 


3. Valuations 


With the formalism developed in the previous section, we are ready to give the general defini¬ 
tion of a valuation, which restricts to the different concepts of (semi)norms and valuations in 
particular cases. 


Definition 3.1. Let B and S be two ordered blueprints. A valuation of B in S is a morphism 
V* : B* ^ S* between the underlying monoids that admits a morphism v : —>■ 5'P°® such that 

the diagram 


R* - 

I 

^mon 


V* 


V 


s* 

I 


^os 
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Figure 1 . Some relevant subcategories of OBlpr 


commutes. We write v : B S for a valuation v of B in S. 

Since the canonical morphism S* S™™ is a bijection, v is uniquely determined by v. In 
other words, a valuation is a multiplicative map v : B —)• S such that the composition map 

~ . gmon ^ ^ 5 ^ ^pos 

is a morphism of ordered blueprints. 

Note that v is uniquely determined by v if S —>• is a bijection. By Lemma 2.10 (iii), this 

holds for strictly conic S, which is the case that we are interested most in this paper. 

Note further that every morphism v : B ^ S is a valuation since the diagram 

B----S- 



commutes. If B is monomial and S totally positive, then every valuation v : B —S is a morphism. 

3.1. Seminorms. Let B be a ring. A seminorm on B is a monoid morphism v : B — > M^o that 
satisfies the triangle inequality v{a + b) ^ v{a) + v{b) for alla,b £R. A non-archimedean semi¬ 
norm is a monoid morphism that satisfies fhe strong triangle inequality v{a-\-b) max{v(a), v(f7)}. 

Lemma 3.2. A map v : B —>• Rj.o is a seminorm if and only if the composition 

V : B“°" —^ B ^ ^ 

is a morphism of ordered blueprints. A map v :R^ M^o A a non-archimedean seminorm if and 
only if the composition 

^mon -^ ^ 

is a morphism of ordered blueprints where we identify M^o ti set with the tropical semiring 

T. 
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Proof. Since the canonical maps —> /?, M^q —rP™ and T ^ are bijections, it is clear 

that the map v : /? —> Rj^o is a morphism of monoids if and only if the composition > rP°q 

or TP”®, respectively, is a monoid morphism. 

A monoid morphism v : R ^ R^o is a seminorm if and only if it satisfies v{b) ^ Y.v{ai) for 
arbitrary sums b = The subaddition of is generated by the relations b for 

which b = Y^i in R- Such a relation is mapped to the relation v{b) ^ Lv(a/), which is in the 
subaddition of RP°q by the triangle inequality for v and Example 2.19. This means that v is a 
morphism. 

Assume, conversely, that v : rP°q is a morphism of ordered blueprints and consider 

b = in R. Then we have b ^ in 7?™" and v{b) ^ Lv(a,) in R>°q, which means that 
v{b) ^ with respect to the natural order of R^o- This means that v is a seminorm. 

Since the addition of the tropical semiring T is a+ b = max{fl;,7i}, the latter claim of the 
lemma follows by the same argument as the former one. □ 


Remark 3.3. The non-archimedean seminorms can be characterized as the following semi¬ 
norms. By the universal property of a monomial blueprint, a morphism 7?™°" R>°q factor¬ 
izes uniquely into 7?”°" ^ (RP™)”™ ^ Using the morphism (TP°^)mon ^ fRP“)mon 

from Lemma 2.20, we see that the seminorm v : 7? —> R^o is non-archimedean if and only 
if T?""™ ^ RP n factors into 


j^mon 


(^POS) 


mon 


(RP“)™" 


Co- 


3.2. Krull valuations. Let L be an multiplicatively written partially ordered commutative 
semigroup with unit 1. We denote by Lq the ordered blueprint (ru{0},3?) where IR is gen¬ 
erated by the partial order of L and the relation 0^1. 


Proposition 3.4. The tensor product Lb = Lq totally positive blueprint with idem- 

potent algebraic core Lg”® = (Lb)™’^'^. The canonical morphism Lq —?> Lb is bijective and the 
canonical morphism (rg°’^'^)P°® —>■ Lb is an isomorphism. IfF is totally ordered, then is a 
semiring with a-\-b = max{a,fi}. 


Proof. By Corollary 2.11 (i). Lb is totally positive, and by definition, the algebraic core of 
Tb = ro/(l + 1 = 1) is idempotent. 

Since Lb = ro/(l -|- 1 = 1), it is clear that Lq —)■ Lb is surjective. Since the core of Lq has 
the trivial preaddition (0), Lq —>• Lb is injective. 

Let a^bhe, a relation in Lq. Then we have b = 0-\-b ^a-\-b ^b-\-b = bmT^ and a-|-7i = b 
in its algebraic core B. Consequently, a ^ in Since also the relation 1 -|- 1 = 1 is in B and 
gpos subaddition of Lb is generated by relations of the form a ^b and 1 -|- 1 = 1, the 

canonical morphism Lb is an isomorphism. 

If r is totally ordered, then for all a and b, the sum = max{a,fi} is defined by the above 
argument. Therefore B is a semiring. □ 


Let khe a field and L a (multiplicatively written) totally ordered group. A Krull valuation of 
k with value group L is a surjective monoid map v : ^ ^ Lq with v(fl: -\-b) ^ max{v(a),v(f7)}. 

Corollary 3.5. A surjective map v \ k is a Krull valuation if and only if the composition 

V : ^ ^ ^ Lo ^ Lb 

is a morphism of ordered blueprints. 

Proof. Since > k and Lq —Lb are bijections, cf. Proposition 3.4, v is a monoid morphism 
if and only if v is so. By Proposition 3.4, the addition of the semiring Lg’’^® is defined as 
a-\-b = max{a,fi} (with respect to the order of L). Therefore the same arguments as in the 
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proof of Lemma 3.2 show that v satisfies the strong triangle inequality if and only if v maps 
relations b ^ in to relations v{b) ^ iri r®. □ 

Remark 3.6. Note that usually, the group T is written additively and considered with the re¬ 
versed order, i.e. we have v{a + b) ^ min{v(a),v(fi)} and v(0) = oo. We deviate from this 
convention since in the context of this paper, it is more natural to work with exponential valua¬ 
tions. 

According to Proposition 3.4, the concept of Krull valuation can be generalized by consid¬ 
ering seminorms of R in idempotent semirings S, which correspond to morphisms > 5^°'* 

of ordered blueprints. We will see in section 7.4 that the class of idempotent semirings plays 
a particular role for tropicalizations. This viewpoint can also be found in Macpherson’s paper 
[38]. 

3.3. Characters. If the canonical inclusion B* gmon isomorphism or if = {0}, 
then a valuation v : B —> S is nothing else than a monoid morphism v* : > S*. Both of 

these hypothesis are satisfied for characfers of an abelian group G in a field k, which is a group 
homomorphism G ^ k^. 

More precisely, if we define fhe monoid wifh zero B = GU {0}, fhen B* ~ B™™. Since a 
field S = k is wifh —1, we have = 0. Since fhe image of 0 is defermined, we see fhaf fhe 
association 

{ valuations v : B —)■ k } —^ { characfers x-G^k} 

v'.B^F I— v*\G'-G^k 

is a bijecfion. We can characferize unifary characfers in C as valuafions in fhe monoid S = 
U {0}, i.e. fhe association 

{ valuafions v : B ^ S } — { unifary characfers x : C ^ C } 

v.B^F I—^ G-aB^S-aC 

is a bijecfion. 


4. Scheme theory 


In this section, we introduce the geometric framework for scheme theoretic tropicalizations, as 
considered in this text. The central object of this theory is an ordered blue scheme, which is 
a generalization of a blue scheme, as introduced in [32]. Roughly speaking, an ordered blue 
scheme is a certain topological space together with a sheaf in OBlpr. 

Since the focus of this paper lies in the application of this formalism to the tropicalization 
of classical varieties, we only include an exposition of this theory, which is, strictly speaking, 
not covered by the previous results in [32]. However, we would like to point out that the 
generalization from blueprints to ordered blueprints is a very harmless step, and that all proofs 
of [32] apply to the more general setting of ordered blueprints without major modifications. 

Alternatively, one can extend the results of [32] to an ordered blueprint B in terms of the 
bijecfion B^^™® —> B. We briefly comment on this in sections 4.3 and 4.5. 

We advise the reader who encounters blue schemes for the first time to have a look at the 
examples in section 4 (“Basic definitions”) of [33]. 


4.1. Localizations. Let B be an ordered blueprint with underlying monoid A and subaddition 
tR. A multiplicative subset of B is Si multiplicatively closed subset S of A that contains 1. The 
localization ofB at S is the ordered blueprint S^^B = A//Ols where 5'^^A = {j|fl:€A,5G5'} 
is the localization of the monoid A at S, i.e. f = fr if and only if there is a I G 5 such that 
tsa' = ts'a, and where 


■Rs = 


bi 




= > biinB 
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The localization of B at 5 comes together with a canonical morphism B —)■ 5 ^B that sends a to 

a 

1 ■ 

We say that a morphism B —> C is a localization if there is a multiplicative subset 5 of B 
such that C ~ S'^^B and B ^ C corresponds to the canonical morphism B ^ S under this 
isomorphism. We say that B —)• C is & finite localization if the multiplicative subset 5 of B can be 
chosen to be finitely generated, i.e. one can choose finitely many generators in S such 

that every other element f € 5 is a product of powers of 5'i,..., If 5 is generated by ,..., 
then S ^B = B[h^^] where h = and B[h^^] = S ^B for S = 

4.2. Ordered blueprinted spaces. An ordered blueprinted space, or for short an OBbpr-space, 
is a topological space X together with a sheaf 0^ in OBlpr. In practice, we suppress the struc¬ 
ture sheaf Ox from the notation and denote an OBlpr-space by the same symbol X as its under¬ 
lying topological space. For every point .r of X, the stalk in x is the colimit Ox,x = colimOx(f/) 
over the system of all open neighbourhoods U of 2 c. 

A morphism of O^lpr-spaces is a continuous map cp : X between the underlying topo¬ 
logical spaces together with a morphism cp* : (p^^Oy ^ Ox of sheaves on X that is local in the 
following sense: for every x € X and y = (p(y), the induced morphism Oy^ —)• Ox^ of stalks 
sends non-units to non-units. This defines fhe cafegory OBlprSp of ordered blueprinfed spaces. 

Remark 4.1. Nofe fhaf we will consider differenf types of specfra in sections 4.4, 6.1 and 6.2, 
which are based on differenf fypes of ideals. The unusual definition of a “local” morphism 
of OBlpr-spaces as given in fhis fexf has fhe advanfage fo apply fo all fhese differenf fypes of 
specfra in fhe correcf way. 

4.3. Ideals. The following is a sfraighf forward exfension of fhe definilions in [32] from alge¬ 
braic blueprinfs fo ordered blueprinfs. Note fhaf in confrasl fo [32], we use fhe term ^-ideals in 
order fo avoid conflicfs wifh fhe notion of an ideal of a semiring in fhe liferafure, which differs 
from fhaf of a ^-ideal; also cf. section 6.2. 

A k-ideal of an ordered blueprinf B is a subsef 1 such fhaf 0 G /, such fhaf IB = I and such 
fhaf c -I-^a; = bj wifh a, ,bj & I implies c G 7. A ^-ideal I is prime if ifs complemenf S = B — I 
is a multiplicative subsef. The localization ofB at p is Bp = S ^B. A /c-ideal 7 is proper if 7 C B. 
A A:-ideal 7 is maximal if if is proper and I C J B implies 7 = / for every ofher A:-ideal J. An 
ordered blueprinf B is local if if has a unique maximal ideal m and if B = B^ Um. 

The localizafion Bp af a prime ideal p of B is a local blueprinf wifh maximal ideal pBp. Note 
fhaf fhere are ordered blueprinfs B wifh a unique maximal ^-ideal fhaf is properly confained in 
fhe complemenf of B^; cf. Example 4.6. Since a proof of fhe following basic resulf is missing 
in fhe liferafure, we include if here. 

Lemma 4.2. Every maximal k-ideal of an ordered blueprint is prime. 

Proof. Lef m be a maximal k-iAesA of an ordered blueprinf B, and a,b & B wifh ab G m, buf 
a fixn. We have fo show fhaf b ^m. 

Since m is maximal, fhe ^-ideal generated by mU {a} is B. We claim fhaf cb €m for every 
c £ B. This holds clearly for elemenfs c of m and for c = a. If db £ m, fhen also cb £m for 
every multiple c of d. If we have a relafion of fhe form -|- c = for which dib,ejb £ m, 
fhen fhe relafion ^ dfi -\-cb = Y, ejb implies fhaf cb £ m. Hence fhe claim follows by induction. 
In parficular, if holds for c = 1, i.e. we have b = I - b £m, as desired. □ 

The following facls can be derived from fhe corresponding resulfs for algebraic blueprinfs in 
[32] since a subsef 7 of an ordered blueprinf B is an k-id&a\ if and only if is an k-ide.a\ of fhe 
algebraic core B™'® of B. We define B/7 = B/(a ~ 0|a G 7) for any subsef 7 of B. The surjection 
TT/ : B —)• B/7 is universal among all morphisms of ordered blueprinfs fhaf map 7 fo 0. A subsef 7 
of B is a A:-ideal if and only if 7 = (0). Consequenfly, (0) is a A:-ideal for every morphism 
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B —)• C of ordered blueprints. Note that a ^-ideal p is prime if and only if B/p is without zero 
divisors, i.e. ab = 0 implies a = 0 or b = 0 for all a,b ^ B/p. However, the quotient of an 
ordered blueprint B by a maximal ideal m does not have to be a blue field; cf. Example 4.6. 

4.4. The spectrum. Let B be an ordered blueprint. We define the spectrum SpecB ofB as the 
following ordered blueprinted space. The topological space of X = SpecB consists of the prime 
^-ideals of B and comes with the topology generated by the principal opens 

Uh = UB.h = {p G SpecB|/j ^ p} 

where h varies through the elements of B. Note that the principal opens form a basis of the 
topology for X since UhriUg = Ugh- 

Let U be an open subset of X. A section on 17 is a function s : U ^ Upgc/^p ^uch that 
^(p) € Bp, such that there is a finite open covering {17/,,} of U by principal open subsets 17/,^ and 
such that there are elements a,- G B[/jr^] whose respective images in Bp equal ^(p) whenever 
p G 17/,,. The set of sections Ox{U) on U comes naturally with the structure of an ordered 
blueprint. This defines the structure sheaf Ox of X and completes the definition of X = SpecB 
as an OBlpr-space. 

As usual, a morphism f : B ^ C of ordered blueprints defines a morphism /* : SpecC —)• 
SpecB of OBlpr-spaces by taking the inverse image of prime ideals and pulling back sections. 
This defines the contravariant functor 

Spec : OBlpr —)• OBlprSp. 

We call OBlpr-spaces in the essential image of this functor affine ordered blue schemes. 

4.5. Globalization. A complication in the theory of blue schemes is that the ordered blueprint 
of global sections LB = r(X, Ox) of X = SpecB is in general not isomorphic to B; cf. Example 
4.6 or [32, Ex. 3.8]. In a more fancy way of speaking, not every ordered blueprint defines a 
sheaf on OBlpr with respect to the Grothendieck topology coming from topological coverings 
of the spectra of ordered blueprints. However, this complication can be resolved in terms of the 
restriction to a certain reflective subcategory of OBlpr, as we will explain in the following. 

The bijection B^^™® —B yields for every ordered blueprint B a homeomorphism SpecB 
SpecB‘^°''‘^ by the definition of k-ideals and principal opens. This allows us to deduce the fol¬ 
lowing statements from the corresponding results for algebraic blueprints; cf. [31] and [32] for 
details. 

Note that the association B i-A- EB defines a functor OBlpr —> OBlpr. We denote by E OBlpr 
the essential image of this functor. The interpretation of elements of B as sections yields a 
morphism cjb : B —EB, which we call the globalization of B. 

We say that an ordered blueprint B is global if it is contained in E OBlpr. Examples of global 
ordered blueprints are local ordered blueprints, monoids and rings. 

Theorem 4.3 ([32, Thm. 3.12]). The globalization ag '■ B ^ EB of an ordered blueprint B 
induces an isomorphism : SpecEB —> SpecB of ordered blueprinted spaces. 

This theorem has a number of implications, cf. section 7 in [31]. 

Corollary 4.4. Let B be an ordered blueprint. 

(i) The globalization as B ^TB is an isomorphism if B is global. 

(ii) Every morphism B into a global ordered blueprint C factors uniquely through the 

globalization as'-B ^ EB. 

(iii) The restriction Spec : E OBlpr —> OBlprSp is a fully faithful embedding. 

(iv) The inclusion i : E OBlpr —OBlpr as a subcategory is right inverse and right adjoint 

to E : OBlpr E OBlpr. 
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A consequence of these facts is the following. 

Corollary 4.5. A global ordered blueprint with unique maximal k-ideal is local. 

Proof. Let B be a global ordered blueprint with unique maximal ^-ideal m. We have to show 
that B = Um. Since m is the unique maximal ^-ideal of B, every global section of B is an 
element of the stalk of SpecB at m, i.e. LB = B^, which is a local ordered blueprint. Since B is 
global, B = LB = Bm is local. □ 

Example 4.6. Consider the semiring B = {T + l = T = T^), which fails to satisfy various 
properties that hold for rings. The underlying set of B is {0,1, T} and its unit group is B^ = {1}. 
Its proper ideals are {0} and {0, T }, which are both prime, but only {0} is a k-ideal; cf. section 
6.2 for the definition of a (prime) ideal. 

This shows the following effects: B has a unique maximal k-ideal m = {0}, but B^ U m = 
{0,1} does not equal B, i.e. B is not local. 

The quotient B/m ~ B of B by its maximal k-ideal is not a blue field. Nofe fhaf fhe quofienf 
B/{0, r} of B by ifs maximal ideal {0, T} is fhe frivial semiring {0}. 

The semiring B is nol global since if confradicfs fhe conclusion of Corollary 4.5. In more 
defail, fhe globalization ctb : B —)• LB of B is fhe localization B —> Bm af ifs maximal k-ideal 
m = {0}. Since Bm confains a mulfiplicafive inverse of T, fhe relafion = T implies T = 1 in 
Bm. This shows fhaf Bm — B and fhaf ctb : B —> LB ~ B is fhe morphism fhaf maps T fo 1. 

4.6. Ordered blue schemes. Every open subsef U of an ordered blueprinfed space X is nafu- 
rally an ordered blueprinfed space wifh respecf fo fhe resfricfion of fhe sfrucfure sheaf Ox to (7. 
An affine open ofX is an open subset that is isomorphic to the spectrum of an ordered blueprint. 
An ordered blue scheme is an ordered blueprinted space X such that every point has an affine 
open neighbourhood. A morphism of ordered blue schemes is a morphism of OBlpr-spaces. 
We denofe fhe cafegory of ordered blue schemes by Schpj. 

We colled some consequences of Theorem 4.3; cf. [32] for more defails. The cafegory Sch^i 
confains all finile limifs. The fibre producf of ordered blue schemes is consfrucfed as in usual 
scheme fheory. In particular, fhe fibre producf of a diagram X —> Z ^ T of affine ordered blue 
schemes is represenfed by Spec (EX ^rzCF). Note fhaf SpecFi is a terminal objecf, which 
juslifies fhe nofafion Schpj. 

More generally, we define for any ordered blueprinf B fhe cafegory Sch^ of ordered blue 
B-schemes as fhe cafegory whose objecfs are morphisms X ^ SpecB of ordered blue schemes 
and whose morphisms are morphisms X —T of ordered blue schemes fhaf commufe wifh fhe 
sfrucfure maps X —^ SpecB and Y SpecB. 

The global section functor F : ScEf, OBlpr is adjoin! fo Spec : OBlpr —> Schpj, i.e. 
Hom(X, SpecB) = Hom(B,rX) for all ordered blueprinfs B and ordered blue schemes X, 
where we employ, by abuse of language, fhe same symbol for fhe global sections FX = F(X, Ox) 
as for fhe globalizafion FB of an ordered blueprinf B. 

Every morphism p -.X of ordered blue schemes is locally algebraic, by which we mean 
fhaf X and Y have affine open coverings {F,} and {Vi}, respectively, such fhaf p resfricfs for 
every i fo a morphism ipi : Ui —V,- befween affine ordered blue schemes fhaf is induced by a 
morphism f : FVj —> Ff7, of ordered blueprinfs. 

4.7. Stalks and residue fields. Eef X be an ordered blue scheme and x a poinf of X. The stalk 
of Ox in X is fhe colimif Ox..^ = colim Ox{U) over fhe system of all open neighbourhoods U of x. 
The sfalk only depends on fhe subsefs of an affine open neighbourhood of x, so we can assume 
fhaf X = SpecB is affine and fhaf x = p is a prime ideal of B. In fhis case, we have Ox,x = Bp- 
This means fhaf fhe sfalk Ox.x of x is a local ordered blueprinf wifh a unique maximal ideal 
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The residue field at x is k{x) = Qx.x/'t^x, which is an ordered blue field. A morphism ip : 
A —F of affine ordered blue schemes induces morphisms ipx : Ox,x and K{y) —>■ k{x) of 

ordered blueprinfs for every x £X and y = ip{x). 

4.8. Open and closed immersions. A morphism ip : X ^ Y of ordered blue schemes is an 
open immersion if if is an open topological embedding and if Ox is fhe restriction of Oy to 
X. We say that y?: A ^ F is isomorphic to another open immersion : A' —> F if there is an 
isomorphism A ^ A' commuting with ip and ip' . An open (ordered blue) subscheme ofY is an 
isomorphism class of open immersions into F. Note that the open subschemes of F correspond 
bijectively to the open subsets of F. 

A morphism y?: A —>• F of ordered blue schemes is affine if for every open immersion U ^Y 
from an affine ordered blue scheme U to F, the inverse image ip'~^{U) = U XyX is affine. 
A morphism : A —> F of ordered blue schemes is a closed immersion if it is affine and if 
Ox{U) —>• Oy{ip'~^{U)) is surjective for every open immersion U ^Y from an affine ordered 
blue scheme t/ to F. 

We say that y?: A ^ F is isomorphic to another closed immersion y?: A' —> F if there is an 
isomorphism A —>• A' commuting with ip and ip' . A closed (ordered blue) subscheme ofX is an 
isomorphism class of closed immersions into A. 

Note that the image of a closed immersion A ^ F does not have to be a closed subset of F. 
For example, the diagonal embedding —>• A| is a closed immersion, but its image is not a 
closed subset. 

4.9. Affine presentations. A useful tool for extending functors from ordered blueprints to or¬ 
dered blue schemes are affine presentations. This are diagrams of affine ordered blue schemes 
and open immersions whose colimit is an ordered blue scheme. The existence of a colimit as an 
ordered blue scheme can be derived from the lack of monodromy of the diagram, which makes 
it possible to treat ordered blue scheme purely in terms of diagrams in the category Aff^j of 
affine ordered blue schemes, which is anti-equivalent to F OBlpr. We review the definitions and 
some results from [31]. 

Let A be a category with finite products that is endowed with a Grothendieck pretopology. 
We say that a morphism in A is open if it occurs in a covering family. In the case A = Affpj an 
open morphism is the same as an open immersion. 

Let It be a diagram in A. An object 17 of It is called a maximal object if any morphism in 
It with domain U is an isomorphism. We denote the set of maximal objects of It by Umax- We 
say that U is with enough maximal objects if for every object U of U, there is a finite chain of 
morphisms 17 ^ t7i ^ • • • —> 17„ in U into a maximal object 17„. 

Let Uq and 17i be two objects of U. A path in Ufrom Uq to U\ is a sequence 

ipl ^«-l ''Pn 

Uq - - -Fi- - -—— F„_1- - -l/i 

of objects and morphisms in U whose arrows are allowed to have any orientation. Note that V is 
itself a diagram and comes with a map V —)• U of diagrams, which does not have to be injective. 
The limit limV of V in A comes with canonical projections lim V —> Uq and lim V -^U\, which 
we call the beginning and the end ofV, respectively. 

A monodromy-free diagram in A is a diagram U in A such that for any object 17 in U and 
any path V in U from 17 to 17, the canonical morphism 

lim (lim V=^ U) —^ limV 

is an isomorphism where the two arrows lim V —> 17 are the beginning and the end of V. Note 
that a monodromy-free diagram is commutative. 
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An affine presentation in Affpj is a monodromy-free diagram U of open morphisms in A with 
enough maximal objeets. A morphism U of affine presentations U and V is a family of 
morphisms {pu : U V{U)} from all objects 17 in U to some objects V{U) in V such there 
is a morphism V{U\) —)• V(U 2 ) in V for every morphism 17i — 1/2 in U such that the resulting 
square 


Ui - 

--E(t/i) 

1 

1 

U 2 — 

— 


commutes. 

Let V be an affine representation. A refinement 0 / V is a morphism <I> : It —)• V of affine 
presentations such that for all V in V, the family {<!>: U —> <I>(17)} with <P(U) = L is a covering 
family of V. 

The following theorem summarizes Theorem 7.4 and Proposition 7.5 from [31]. We extend 
the results from algebraic blue schemes to ordered blue schemes. Since the proofs apply literally 
to this more general setting, we omit them in this exposition. 

Theorem 4.7. In the following, all affine presentations are affine presentations in Afffj. 

(i) Every affine presentation U has a colimit X = colimlt in Schpi, and every ordered 
blue scheme is the colimit of an affine presentation. 

(ii) IfX = colimU, then the canonical inclusion U X is an open immersion for every U 
in It, and X is covered by the maximal objects in It. 

(iii) Every morphism <I>: U —> V of affine presentations induces a morphism p = colim<I>: 

X of ordered blue schemes between the respective colimits X = colimlt and Y = 

colimV, and every morphism of ordered blue schemes is the colimit of a morphism of 
affine presentations. 

(iv) The colimit of a refinement ^ : U ^ V is an isomorphism of ordered blue schemes. 
Given a morphism p : colimlt —)• colimV of ordered blue schemes where It and V are 
affine presentations, there exists a refinement *P : It' —It and a morphism <I>: It' —V 
of affine presentations such that t/jocolim'P = colim<I>. If p is an isomorphism, then 
<I> is a refinement. 

We say that an endofunctor 3“: OBlpr —> OBlpr preserves finite localizations if 3'(B) —)• 3"(C) 
is a finite localization for every finite localization B ^ C. We say that 3“ preserves covering 
families if for every ordered blueprint B and every covering of X = SpecB by affine open sub¬ 
schemes Ui = SpecBi, the induced morphisms Spec3“(B,) —)■ Spec3'(B) are open immersions 
and Spec3'(B) is covered by the open subschemes Spec3“(B,). 

The following fact is Lemma 1.3 in [31]. 

Lemma 4.8. Let S : Aff^j —)• Affp, be a functor that commutes with fibre products and that 
preserves covering families. Then there exists a unique functor S : Schpj —Schjpj such that 
for all morphisms <I>: It ^ V of affine presentations in Aff^j, we have a natural identification 
9(colim<I>) = colimS(‘P)- In particular, this yields S(coliml[) = colimS(lt). 

4.10. Endofunctors. Some of the subcategories C of OBlpr from section 2.10 extend to sub¬ 
categories of Sch^j as reflective subcategories. 

Lemma 4.9. The endofunctors (-)+, (-)*’““, (_)pos_ (_)conic^ (_)core^ 

(_)mo" and (—preserve finite localizations. All of these endofunctors but the last three 
preserve covering families. 
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Proof. Let 5 be a finitely generated multiplicative subset of B. If 3“ if one of the functors 
(—)+, (—(—or (—then 3'(B) comes together with a canonical 

morphism (p : B ^ and = ( 92 ( 5 )) 

If 3"is (—(—)*, (—)™°" or (—then 3“(B) comes together with a bijection 3“(B) — 
and J{S-^B)=S-^3'{B). 

Note that it suffices fo verify fhe preservation of covering families for families of principal 
opens. Since 3“ preserves finite localizations, if sends principal opens Uh = SpecB[/j^^] of fhe 
specfrum SpecB of an ordered blueprinf B fo principal opens of Spec3'(B) where h can be 
identified wifh (fhe image of) h in 3”(B) for each functor 3" under consideration. 

Lef {(//i, } be a family of principal open subsefs of SpecB. By definition, (7/,, consisfs of all 
prime ideals p fhaf do nol confain hj. Thus p ^ if and only if (/i,) C p. Since every prime 
ideal is confained in a maximal ideal, if follows fhaf SpecB = IJ Uu- if and only if {hi) = (1), i.e. 
fhere exisfs a relation of fhe form 1 +Y,t>khi^ = wifh bk,ci G B. If is easily verified for 

each of fhe functors (—)^, (—(—)p°®, (—and fhaf if preserves 

fhis fype of relation. This finishes fhe proof of fhe lemma. □ 

Note fhaf fhe endofunclors (—)*, (—and (—fail to preserve covering families since 
they do not preserve relations of the form 1 + 

Given an endofunctor 3" on OBlpr, we might attempt to extend it to an endofunctor on Schp, 
by covering an ordered blue scheme X by affine opens Ut, applying 3“ to the TL,- and glueing 
together Spec3'(rf7,) to get ^(X). Though this process is in general not independent from the 
chosen covering, this is the case for the functors considered in the following theorem. 

Theorem 4.10. The functors (-)+, (-)‘"\ (-)idem^ (-)p“ and extend 

to endofunctors of the category of ordered blue schemes and satisfy the following properties. 

(i) Let t be one of +, hull, inv, idem, pos or conic. Then (—)^ : Scfipj —> Sch^j is idempo- 

tent and comes with a canonical morphism for every ordered blue scheme X. 

Let Schp^ be the essential image o /(—and l : Sch^^ ^ Schpj the inclusion functor. 
Then the restriction (—)^ : Schjpj —> SchJ.^ is right adjoint and left inverse to i. 

(ii) The functor ; Schpj ^ Schp, is idempotent and comes with a canonical mor¬ 
phism X —for every ordered blue scheme X. Let be the essential im¬ 
age of (—and i : ^ Schpj the inclusion functor. Then the restriction 

jcore . Schp°’^'^ is left adjoint and left inverse to l. 

Proof. We begin with verifying that all functors in question commute with fibre products. For 
t in {+,hull,inv,idem,pos,conic}, we have for global ordered blueprints B and C with C = 
that Hom(B,C) = Hom(r(B'),C). This means (—)^ : OBlpr OBlpr^ is left adjoint to the 
embedding OBlpr^ —> OBlpr, and that the corresponding functor (—)^ : Affpj —)> between 

the dual categories is a right adjoint and therefore commutes with fibre products. It is obvious 
that (—: OBlpr ^ OBlpr commutes with tensor products, and consequently, its geometric 
version (— j^ore . Affpj commutes with fibre products. 

Since all functors (—)^ in question preserve covering families by Lemma 4.9 and commute 
with fibre products. Lemma 4.8 extends (—)^ to a functor (—)^ : Schpj —)• Schpj. 

The adjointness properties follow from the corresponding properties of (—)^ on affine or¬ 
dered blue schemes and the fact that every morphism between ordered blue schemes comes 
from a morphism of affine presentations; cf. Theorem 4.7. □ 

As a consequence, the essential images of the functors considered in Theorem 4.10 define 
a variety of subcategories of Schpj. If f is in {+,hull,inv,idem,pos,conic,core}, then Schp^ 
is (co)reflective in Schpj, by (i) and (ii). The essential image of the global section functor 
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r : SchJ.^ —> rOBlpr is the (co)reflective subcategory FOBlpr^ of FOBlpr that consists of all 
global ordered blueprints B with ~ B. In particular, note that for any ordered blueprint B 
with B^ ~ B, its globalization FB is in FOBlpr^. 

If t is in {•,mon,padd}, then we define Schp^ as the full subcategory of Schpj of ordered 
blue schemes that can be covered by spectra of ordered blueprints in OBlpr^. Note that in cases 
considered here, the right adjoint (—)^ : OBlpr ^ OBlpr^ to the embedding OBlpr^ ^ OBlpr 
as subcategory does not extend to a left adjoint to the embedding Schp^ —> Schpj. 

An ordered blue B-scheme is an ordered blue scheme X together with a morphism X 
SpecB, called the structure morphism. A B-morphism between ordered blue B-schemes X and 
F is a morphism X that commutes with the structure morphisms of X and F. We denote 
the category of ordered blue B-schemes by Schfi. Note that a morphism B ^ C of ordered 
blueprints induces the functor —®bC'. Sch^ —> Schc that maps an ordered blue B-scheme X to 
the ordered blue C-scheme Xc = X Xspecs SpecC. 

We list some important subcategories of Schpj in the following: 

• the subcategory Schp® of blue schemes; 

• the subcategory Schp^ of monoid schemes; 

• the subcategory SchJ of semiring schemes; 

• the subcategory Schg of usual schemes. 

5. Rational points 

In this section, we endow the set of T -rational points A(r) = Homj.(Specr,X) with a topology 
for every ordered blue /:-scheme X, coming from a topology for the ordered blue /:-algebra T. 

5.1. The affine topology. Let k be an ordered blueprint and T an ordered blue k-algebra, which 
is an ordered blueprint together with a morphism k^T. We assume that F is a global ordered 
blueprint and that it is equipped with a topology, which, a priori, we do not assume to satisfy 
any compatibility with the structure of T as an ordered blueprint. 

Let B be an ordered blue ^-algebra and hsiT) = Homj-(B,r) the set of ^-linear morphisms. 
The affine topology for hB{T) is the compact-open topology where we consider B as a discrete 
ordered blueprint. Since the compact subsets of B are precisely the finite subsets, the compact- 
open topology on hsiT) is generated by open subsets of the form Uay = {f ■ B ^ 'B\f{a) G F} 
where a € B and F C F is an open subset. In other words, the affine topology on hB{T) is fhe 
coarsesf topology such fhaf fhe maps 

eva: Hom(B,F) —;■ F 

if-.B^T) ^ f{a) 

are continuous for all a£B. 

5.2. The fine topology. For an arbifrary ordered blue scheme X, we endow X{T) wifh the. fine 
topology, which is fhe finesl topology such fhaf for all morphisms a : U ^ X from an affine 
ordered blue ^-scheme U to X, fhe induced map aj ■ U{T) ^ X{T) is continuous wifh respecf 
to fhe affine topology on U (F) = hruiT). Note fhaf U (F) = hruiT) since F is global. 

The definition of fhe fine topology is justified in [35]: fhe fine topology coincides wifh fhe 
known topologies in fhe cases fhaf X is a k-scheme and F = k is a fopological field or F is fhe 
adele ring of a global field k. 

5.3. Functoriality. The following properties can be shown by similar argumenfs as used to 
prove fhe analogous sfafemenfs for rings and schemes in [35]. Since fhe adapfafion of fhese 
argumenfs requires some slighf modifications, we provide a proof. 
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Lemma 5.1. Let k be an ordered blueprint and T a global ordered blue k-algebra with topology. 

(i) LetB be an ordered blue k-algebra. Then the affine topology for hsiT) isfunctorial in 
both B and T. 

(ii) LetX = SpecB be an affine ordered blue k-scheme where B = TX is global. Then the 
fine topology and the affine topology for X[B) = hsiT) coincide. 

(iii) LetX be an ordered blue k-schemes. Then the fine topology for X{T) is functorial in 
both X and T. 

Proof. We begin with (i). Since the topology of hsiT) is generated by open subsets of the form 

Uv,a = {f:A^R\f{a)€V} 

with a G B and V CT open, it suffices to verify that the inverse images of such open subsets are 
open to verify the continuity of the maps in question. 

Let g : C —7> B a homomorphism of ordered blue ^-algebras and g* : hB{T) ^ hc{T) the 
pullback of morphisms. It is immediate that {g*ffi^{Uv,b) = which shows that g* is 

continuous. 

Let f :T —S be a continuous homomorphism of ordered blue k-algebras with topologies and 
/* : hsiT) hsiS) that pushforward of morphisms. It is immediate that ff^{Uv,a) = Uf-'{v),a’ 
which shows that /* is continuous. This verifies (i). 

We continue with (ii). The identity morphism lA : X ^ X yields a continuous map idj- : 
X{T) —)• X(r) with respect to the affine topology for the domain and the fine topology for the 
image. This shows that the affine topology is finer than the fine topology. 

Conversely, note that every k-linear morphism a : U ^ X factors through the identity id : 
X ^X. We have already proven that the map U{T) X{T) is continuous with respect to the 
affine topology for both domain and image. This shows that the fine topology is at least as fine 
as the affine topology. We conclude that both topologies coincide. This is the claim of (iii). 

We continue with (iii). Let : X —> T be a morphism of ordered blue k-schemes and pj ■ 
X{T) -^Y{T) the induced map. Let W C T(r) be open. We have to show that Z = p^\W)i^ 
open inX(T), which is the case if ^(Z) is open in f7(r) for every morphism a:U ^X from 
an affine ordered blue k-scheme U to X. 

Since poa :U is a k-morphism from the affine ordered blue scheme U to Y, the inverse 
image Oj^ (Z) = {poa)j^{W) of W in (7(T) is indeed open. This shows that the fine topology 
of Z(r) is functorial in X. 

Let f :T —5 be a continuous homomorphism of ordered blue k-algebras with topologies and 
fx : X (r) X (S) the induced map. Let W ClX{S) be open. We have to show that Z = fx^{W) 
is open in X{T), which is the case if aj^ (Z) is open in U (T) for every morphism a : U ^ X 
from an affine k-scheme U to X. 

Since the affine topology is functorial, the homomorphism f ■. T ^ S induces a continu¬ 
ous map fu : U{T) — U{S). Since a 5 ^'(VT) is open in U{S), the inverse image = 

fu\af^{W)) is open in U{T). This shows that the fine topology of X{T) is functorial in 
T. □ 

5.4. Properties of the fine topology. For suitable T, it is possible to describe the fine topology 
on X(r) in terms of coverings by affine open subschemes. For formulating such a result, we 
require the following definitions. A topological ordered blueprint is an ordered blueprint T with 
a topology such that the multiplication map T xT ^T is continuous. A topological semiring 
is a semiring T with a topology such that multiplication and addition define continuous maps 
r X r —> r. A topological ordered blueprint T is with open unit group if the multiplicative group 
of invertible elements in T forms an open subset of T and if the multiplicative inversion 
jx _^px jg a continuous map. 
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Theorem 5.2. Let k be an ordered blueprint and T a local topological ordered blue k-algebra 
with open unit group. Then T satisfies the following properties. 

(FI) For every ordered blue k-algebra B and X = SpecB, the canonical bijection X(T) ^ 
heiT) is a homeomorphism. 

(F2) The functor X v^X{T) commutes with limits. 

(F3) The canonical bijection K\.{T) ^ T is a homeomorphism. 

(F4) An open immersion Y ^ X of ordered blue k-schemes yields an open embedding 
Y(T) X{T) of topological spaces. 

(F5) A covering X = [fUi of an ordered blue k-scheme X by open subschemes yields a 
covering X(T) = \JUi{T) by open subspaces. 

(F6) A closed immersion Y ^ X of ordered blue k-schemes yields an embedding Y{T) ^ 
X(T) of topological spaces. 

If in addition, T is a topological semiring, then T satisfies the following property. 

(F7) The canonical bijection X^[T) -^X{T) is a homeomorphism for every ordered blue 
k-scheme X. 

If in addition, T is Hausdorjf, then T satisfies the following stronger version of(F6). 

(F8) A closed immersion Y ^ X of ordered blue k-schemes yields a closed embedding 
Y{T) -^X{T) of topological spaces. 

Before we turn to the proof of the theorem, we point out that the theorem applies to the main 
example of interest for tropicalizations and analytifications. 

Example 5.3 (Tropical numbers). The tropical numbers T inherit the real topology from the 
identification T = M^o- With this topology, T is a local topological Hausdorff semiring with 
open unit group. Thus T satisfies (F1)-(F8). 

Proof. The sfrafegy of fhe proof is as follows. As a firsl sfep, we will esfablish cerfain analogues 
(A2)-(A6) of (F2)-(F6) for fhe affine topology. We will employ fhese properties of fhe affine 
topology fo prove (FI), which implies (F2)-(F6) for affine ordered blue ^-schemes. Wifh fhis, 
we will be able to prove (F2)-(F6) in full generalify. Finally, we will verify (F7) and (F8). 

We begin wifh fhe proof of fhe following analogue of (F6) for fhe affine fopology. 

(A6) A surjection B —)• C of ordered blue /:-algebras yields an embedding hc{T) —)■ heiT) 
of fopological spaces. 

A basic open of hc{T) = Homyt(C, T) is of fhe form Ub,v = {g ■ C ^ T\g{b) € V} wifh b 
and V CT open. Since B —)• C is surjective, b = f{a) for some a^B. Note fhaf hc{T) -^hB{T) 
is an inclusion, fhus 

Ub.v = Ufi^a)y = {g : B—)• T Ig(a) G F and g factors fhrough C} = Uay Y\ hc{T). 

This shows fhaf hc{T) —> hsiT) is a topological embedding and concludes fhe proof of (A6). 
We continue wifh fhe proof of fhe following analogue of (F2) for fhe affine fopology. 

(A2) The functor B t-y he(T) commutes wifh colimifs. 

Lef 2) be a diagram of ordered blue A:-algebras wifh colimif B. We have fo show fhaf fhe canon¬ 
ical bijection 'F : /Je(r) —)■ /icolim'D(^) is a homeomorphism. Note fhaf fhe Yoneda embedding 
commutes wifh colimifs, i.e. /icoiimD = litn/iii where h-Q is fhe diagram of functors on Alg^ 
defined by D. 

The confinuify of 'F is easily verified: fhe canonical projecfions vr, : hs —> /ic, to objects C, of 
D induce continuous maps Tiij : hB{T) ^ ^cfT) that commute with all maps pj : hcfT) —)• 
hcj{T) coming from morphisms p : Cj ^ Ci in V. These maps induce the canonical bijection 
'F : hsiT) \imh'X){T), which, consequently, is a continuous map. 
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We proceed to show that 'P is open. Since every colimit can be expressed in terms of co¬ 
equalizers and coproducts, it is enough to proof the openness of for these particular types of 
limits. 

The coequalizer E = coeq(/,g) of two morphisms f,g:C^D comes with a surjection 
D ^ C. By (A6), hE{T) ho{T) is a topological embedding. Since the topological equal¬ 
izer eq(/ 7 -,g 7 ’) of fT,gT ■ hoiT) —>• hc{T) has the subspace topology of hoiT), the canonical 
bijection hE{T) —> eq(/ 7 ’,g 7 -) is a homeomorphism. 

The coproduct of a family of ordered blue A:-algebras is the (possibly infinite) tensor 

product B = 0 B,- over k, whose elements are tensors a = with coordinates in a 

finite set of factors B,-,,... ,5^. Thus a basic open of hsiT) is of the form Uay where a £ 
and V C r is an open. We have 

m.v) = = {ifi:Bi^T)\{Mai„...,faaiJ)£fi-^{V)} 

k=i 

where //„ : T" —^ T is the n-fold multiplication. Since the multiplication of T is continuous, 
En'^iy) is open in T” and can be covered by basic open subsets 14 i x • • • x 14 „ where k varies 
in some index set I. Thus we have 

n 

m.v) = [j{{fi-.Bi^T)\fi,{ai,)£Vk,iiorl = \,...,n} = IJ n^.7'KK)W,) 

kei kei /=i 

where vr,, : is the canonical projection. This shows that ^{Uay) is open in 

desired. This finishes the proof of (A2). 

We continue with the proof of the following analogue of (F3) for the affine topology. 

(A3) The canonical bijection (T) —^ T is a homeomorphism. 

The canonical bijection <I>: (T) —)■ T sends a homomorphism / : k[t] —)■ T to f{t). Given an 
open subset V CT, we have <I>^'(F) = {/ G A^(r)|/(t) G V}, which is the basic open subset 
Uty of A^(r). Thus <I> is continuous. 

A basic open of is of the form Uay with a G k[t] and V C T open. 

Every element a of k[t] is of the form ct‘ for some c £k and some i ^ 0. Since the multiplication 
of T is continuous, the evaluation of the monomial a = ct‘ in elements of T defines a continuous 
map a :T ^ T. The inverse image W = a^^{y) is open in T, and thus 

Uay = {f:k[t]^T\f{t)£a-\V)] = U,w 

is mapped to the open subset ^{Uay) = VT of T. This completes the proof of (A3). 

We continue with the proof of the following analogue of (F4) for the affine topology. 

(A4) The localization B -y B[h^^] of an ordered blue /c-algebra B at an element h£B yields 
an open embedding /jb[/,-i](T) —^ hB{T) of topological spaces. 

As a first case, we consider the localization k\t] -y k[t^'^] and the inclusion lj : 

/j^[(](r). As sets, /i^jj±i](r) = r^, and by (A3), the canonical bijection /j^[(](r) —)• T is a home¬ 
omorphism. Since T is with open unit group, is an open subset of T and the image 

f^AUayv) = {/ : m -yT\f{ae) G VJ{t) G T^} = Uayv H Uty^ 

of a basic open Ua^y C (T) is open in (T) for at' G k[t] and V CT open. In particular, 
we can assume that V . 

If at^' G is in the complement of k[t], i.e. if —i < 0, then we first observe that Uat-iy = 
Ut-i^a-'(v) where a^^iy) = {b £ T\ab G E} is open in T since the multiplication of T is contin¬ 
uous. Thus we might assume that a = 1. Since the inversion i \T^ ^ , sending btob^^ is 
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continuous, i~^{V) is open in T. Thus the image of Uf-i y = ;-i(v) is the basic open ;-i(v) 

of (T). This shows that tj is an open topological embedding. 

In the general case of a localization B —)• we have B[h^^] = BiSik[t] with respect 

to the k-\mtw morphism k[t] B that maps t to h. By (A2), /ib[/,-i](T) is homeomorphic to 
hB{T) /j^[j±i](r), i.e. ij : /ib[/,-i](T) hB{T) is the base change of the open topological 

embedding ij : /ij-[f±i](r) — >^ /ii:[/](T) along hB{T) — )• and therefore l'j itself is an open 

topological embedding, as desired. This concludes the proof of (A4). 

We continue with the proof of the following analogue of (F5) for the affine topology. 

(A5) A family of localizations {B —> B[hY^]} such that SpecB is covered by SpecB[h^^] 
yields a covering hB{T) = U^B[/,ri](^) by open subspaces. 

Since T is local, every morphism SpecT —> SpecB factors through one of the principal open 
subschemes SpecB[/jri]. j^^yg hB{T) = sets. By (A4), the subsets 

/j^[^-i](r) of hB{T) are indeed open subspaces. This concludes the proof of (A5). 

We turn to the proof of (FI). By Lemma 5.1, we know that the canonical bijection X{T) 
hrsiT) is a homeomorphism. Thus we have to show that the bijection 0 : hrsiT) —> hB{T) that 
is induced by cr : B ^ FB is a homeomorphism. 

Its continuity is easily verified: let Uay be a basic open of hsiT) where a G B and F C T is 
open. Then 0^' {Uay) is the basic open Ufj(^a)y of hrB{T). Thus 0 is continuous. 

We are left with showing that 0 is open. Consider a basic open Uay of hrsiT) for a G FB 
and V C T open. The global section a on SpecB can be represented by a tuple of elements 
Ui/hi G B\hJ^] where the collection of principal open subschemes SpecB[/jr'] cover SpecB 
and such that a,//!, = aj/hj in B[{hihj)^^]. 

By (A5), hB{T) = U^b[/,-‘](^) is a covering of hB{T) by open subspaces. Thus &{Uay) is 
open in hB{T) if and only if the intersection &{Ua.v) Uhg^j^-i-^{T) is open in hg^i^-i^{T) for all 
i. This intersection consists of all functions f : B ^ T such that the extension F/ : FB —> T 
maps a to F and such that /(/i,) G . The latter condition means that / factors through B[hj\ 
which lets us identify 0(f7ay) with the set of all functions / : B[hJ^\ -y T that map 

a = Qi/hi to F, which is the basic open subset Ua-jiny of ^b[/ 2 -‘](^)- This shows that &{Uay) is 
open in /jfi(r) and completes the proof of (FI). 

Note that thanks to (FI), (A3) immediately implies (F3). Property (A2) implies (F2) for 
limits of affine ordered blue k-schemes. 

We continue wifh fhe proof of (F2) for arbifrary limifs. If A = limD for a diagram V of 
ordered blue schemes, fhen fhe canonical projecfions ttz : A —> Z fo fhe objecfs Z of D in¬ 
duce continuous maps ttzj ■X{T) -y Z{T), which induce fhe canonical bijection *P : A(r) ^ 
lim(D(r)), which is fhus continuous. We are lefl wifh showing fhaf *P is open. Since every 
limif is an equalizer of producfs, we can resfricf ourselves fo fhe freafmenf of fhese particular 
fypes of limifs. We will demonsfrafe fhe proof for fibre producfs, which includes equalizers and 
finite producfs, and leave fhe case of infinite producfs, whose proof is analogous, fo fhe reader. 

Consider morphisms A —)■ Z T and fhe fibre producf A XzY. For an open subsef IF of 
A XzY{T), we have fo show fhaf IF = 'P(IF) is open in A(r) Xz(t) Y(T). Since X{T) Xz(t) 
Y (r) carries fhe subspace topology of A(r) x F(r), a basis open is of fhe form Wx x Wy wifh 
opens Wx of A (T) and Wy of Y{T). By definifion, Wx is open in A(T) if and only if aj ^' {Wx ) 
is open in 17(7) for all morphisms a:U ^ X where U is affine, and IFy is open in 7(7) if and 
only if /3y ' (IFy) is open in F(7) for all morphisms /3 : F —> F where F is affine. Thus Wx x Wy 
is open in A(7) Xz(t) F(7) if and only if (arj/^r)”' {Wx x IFy) is open in 17(7) x F(7) for all 
morphisms {a,P) :U x F —A XzF where 17 x F is affine. 
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This shows that W is open in X(r) Xz(^t) Y{T) if and only if (ar,/3r)“^(lT) = (a,/3)y ^ (fT) 
is open in U (T) x V (T) = U x T(r) for all {a,f3) : U xV X XzY where U xV is affine. 
This follows from the openness of IT. Thus 'T is open. This completes the proof of (F2). 

We turn to the proof of (F4). Let t : U ^ X be an open immersion. By functoriality, the 
inclusion : U(T) -^X{T) is continuous. We are left with showing that the lt is open. 

Let W CU (r) be an open subset and W' = lj^W) its image in X{T). Then W' is open if 
and only if Z = aj^{W') is open in hsiT) for every ordered blueprint B and every morphism 
a :V ^ X where V = SpecB. The base change of l -.U -^X along a : F —> X yields the open 
immersion 'll; :Z where Z = U XxV. Since W' = LjiyV) is in the image of lj, the subset Z 
of F(r) is contained in the image of i/’r- 

We can cover V' by principal opens V! of V, i.e. the restriction i/’; : F/ —F of i/;: F' ^ F is 
induced by a morphism fi: B ^ ordered blueprints for each i. By (FI), the canonical 

bijection SpecF/ (T) is a homeomorphism and by (A4), the induced map (T) 

hsiT) is an open topological embedding. We conclude that Z is open in F(r) if Z,- = 
is open in {T ) for every i. But Z,- = {W ) where /3, is the composition of the inclusion 

V/ V' with the canonical projection F' = L Xx F —> L. By the definition of the fine topology 
for f7(r), /3rj} (W) is open inV/{T). This completes fhe proof of (F4). 

We fum fo fhe proof of (F5). Lef X = be a covering of open subschemes. Since T is 
local, we have an equably X{T) = \JUi{T) of sels. By (F4), Ihis is indeed a covering by open 
subspaces. Thus (F5). 

We fum fo fhe proof of (F6). Since fhe properly of being a topological embedding is a 
local properly, we can assume lhaf X is affine. Since closed immersions are affine morphisms 
by definilion, fhe closed subscheme F of X is also affine and fhe closed immersion F ^ X is 
induced by a surjeclion B > C of ordered blue /:-algebras. By (FI), we do nof have fo worry 
abouf whelher B and C are global, and fhus (F6) follows from ils analogue (A6) for fhe affine 
topology. This complefes fhe proof of (F6). 

We fum to fhe proof of (F7), assuming fhal T is a topological semiring. Since being a 
homeomorphism is a local properly, we can resfricl ourselves fo fhe affine case, i.e. X = SpecB 
andX+ = SpecB+. By (FI), we know IhalX(r) = hsiT) andX+(r) = hB+{T) as topological 
spaces, so if suffices to sludy fhe lalfer spaces. By funcforialify, fhe bijecfion E : hB+ (T) ^ hgiT) 
thaf is induced by fhe morphisms B —> is conlinuous. 

For verifying lhaf S is open, consider a basic open U^^aiy where ai is an elemenl of B+, 
wilh Ui € B, and F C T is open. Then 

S(f/Ea,-,y) = {/:B^r|^/(a,-)EF} = {/: B ^ T | (/(ai),... ,/(a„)) E (F) } 

where a„ : T” —> T is fhe n-fold addilion, which is a conlinuous map since T is a topological 
semiring. Thus a^^(F) is an open subsel of T”, which can be covered by basic opens of fhe 
form Vkn X ■■■ X Vk^n where k ranges Ihrough some index sef I. Thus 

k€l 

is an open subsel of hsiT). This completes fhe proof of (F7). 

We fum fo fhe proof of (F8), assuming fhal T is a lopological semiring and Hausdorff. Since 
being a closed topological embedding is a local properly, we can assume fhal X = SpecB and 
F = SpecC are affine, and lhaf fhe closed immersion F —X is induced by a surjeclion / : 
B ^ C of ordered blue k-algebras. By (F6), we know already fhal fhe inclusion F(r) —> X(r) 
is a topological embedding. By (FI), fhe bijeclions X{T) hsiT) and Y{T) hciT) are 
homeomorphisms. Therefore we are lefl wilh showing fhal fhe image of lj '■ hc{T) ^ hsiT) is 
a closed subsel of hsiT) 
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Since / : B ^ C is surjective, we have C = B/3? for some subaddition 3? on B*, which is a 
relation on N[B*]. Thus 

iT{hc{T)) = {/:B^r|£/(a,) = £/(^,')forall(£a,-,£Zi;)G3?}. 

The condition I/(a,) = L/(^/) can be rewritten as a„ (/(ai),. •.,/(««)) = (/(^i), ■ • ■ ,/(^m)) 

where a„ : T" —> T denotes the n-fold addition, which is continuous since T is a topological 
semiring. This is, in turn, equivalent to (/(ai),... ,/(a„),/(Zii),... ,/(^„)) € 
where A is the diagonal of T x T. Since T is Hausdorff, A is a closed subset of T x T, and 
therefore A' = (a„,Q;m) ^ closed subset of T” x T”. This means that 

A — V/; 1 X • ■ • X Vfc n+m 

kel 

for certain closed subsets 14,/ of T where k varies through some index set I and I = 1,..., n + m. 
We conclude that 

LT{hc{T)) = P] 
kel 

This shows that LT{hc{T)) is a closed subset of hsiT), which completes the proof of the theorem. 

□ 


6. Connection to Toen and Vaquie’s relative schemes 

In this section, we explain the differences of the scheme theory used in this text to the viewpoints 
employed in an earlier version of this text and in the papers [21] and [22] of Jeff and Noah 
Giansiracusa. 

These latter approaches are based on Toen and Vaquie’s paper [51], which generalizes the 
concept of a scheme to a fairly broad context. Roughly speaking, this can be done for any 
category A of algebraic structures with a sufficiently well-behaved category M of modules. 
The modules provide a Grothendieck pretopology for A, which allows us to define a scheme 
relative to M as a locally representable sheaf on A. 

Toen and Vaquie’s theory applies, in particular, to the category of ordered blueprints and to 
the category of semirings. It turns out that the corresponding categories of schemes differ from 
the categories Schpj and Sch^ that we use in this text. 

To avoid confusion between these different concepts of schemes for ordered blueprints and 
semirings, we will call the objects of Schpj and Sch^ geometric ordered blue schemes and 
geometric semiring schemes, respectively, while use the expressions subcanonical ordered blue 
schemes and subcanonical semiring schemes to refer to the corresponding objects in Toen and 
Vaquie’s theory. 

Thanks to results in [31] and [39], we are able to bypass the technically involved definition 
from [51] by giving an explicit description of subcanonical ordered blue schemes and subcanon¬ 
ical semiring schemes as ordered blueprinted spaces. 

Note that the results in [31] only cover algebraic blueprints. The more general statements for 
ordered blueprints, as described below, can be proven in complete analogy to [31]. Alternatively, 
one can use the bijection —> B to deduce the claims for ordered blueprints B from the 

corresponding results for its algebraic core 

6.1. Subcanonical ordered blue schemes. Let B be an ordered blueprint. We define the sub¬ 
canonical spectrum Spec‘s™ B of B as the following blueprinted space. The underlying set of 
Spec“"B is that of SpecB*, i.e. the points of Spec‘s™ B are the subsets p of B with 0 € p and 
pB = p such that 5 = B — p is a multiplicative subset of B. The topology of Spec‘s™ B is generated 
by the principal opens 


Uh = {p G Spec“"B|/j ^ p} 
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for h & B. The structure sheaf Ox of X = Spec^^^B is characterized by its values Ox{Uh) = 
B[h^^] on principal opens. 

In particular, we have Ox (X) = B for all ordered blueprints B, in contrast to the negative 
result for the geometric spectrum SpecB. This implies that the contravariant functor Spec‘s™ : 
OBlpr —> OBlprSp is fully faithful. We call objects in the essential image of this functor affine 
subcanonical ordered blue schemes. 

A subcanonical ordered blue scheme is a blueprinted space that is covered by affine sub- 
canonical ordered blue schemes. This defines the full subcategory Schp™ of subcanonical or¬ 
dered blue schemes in OBlprSp. 

The analogue of Corollary 4.4 holds in this context, but with TOBlpr replaced by OBlpr. 
In particular, the global section functor : Schp™ —> OBlpr is a right inverse to Spec^^^" : 
OBlpr —> Schp™ and an adjoint in the sense that Hom(X,Spec‘s™B) = Hom(B,P“X) for all 
subcanonical ordered blue schemes X and ordered blueprints B. 

To conclude, we comment on the following remarkable feature of subcanonical ordered blue 
schemes. Since the underlying monoid B* of an ordered blueprint B has a unique maximal 
k-ideal, which is m = B — B^, the subcanonical spectrum Spec‘s™B has a unique closed point. 
As a consequence, every closed point x of an ordered blue scheme X has a unique open affine 
neighbourhood U, which is isomorphic to Spec‘s™ Ox^- 

6.2. Subcanonical semiring schemes. Let B be a semiring. An ideal of B is an additively 
closed subset / of B with 0 € / and IB = I. A prime ideal of B is an ideal p of B such that 
5 = B — p is a multiplicative subset. Note that every k-ideal is an ideal, but that in general, not 
every ideal is a k-ideal. For instance, the ideal m = N — {IjofNis not a k-ideal. 

We define the subcanonical spectrum Spec+’‘^™B of B as the following blueprinted space. 
The underlying topological space of Spec+ ^^^B consists of the prime ideals of B, and the topol¬ 
ogy of Spec+’‘^™B is generated by the principal opens 

Uh = {p€Spec+’“"B|/j^p} 

for h ^ B. The structure sheaf Ox of X = Spec+’“"B is characterized by its values Ox{Uh) = 
B[/j^'] on principal opens. 

In particular, we have Ox (X) = B for all ordered blueprints B, in contrast to the negative 
result for the geometric spectrum SpecB. This implies that the contravariant functor Spec^ *^™ : 
OBlpr —> OBlprSp is fully faithful. We call objects in the essential image of this functor affine 
subcanonical semiring schemes. 

A subcanonical semiring scheme is a blueprinted space that is covered by affine subcanonical 
semiring schemes. This defines the full subcategory Sch^’‘^™ of subcanonical ordered blue 
schemes in OBlprSp. 

Similar to the case of subcanonical ordered blue schemes, the global section functor : 

Sch^ ^^™ ^ SRings is a left inverse and an adjoint to Spec^ *^™ : SRings ^ Sch^ ^^™ in the sense 
that Hom(X,Spec+ ^^^B) = Hom(B,r‘^™X) for all subcanonical semiring schemes X and all 
semirings B. 

The category SchJ of usual schemes is naturally identified with the full subcategory of all 
subcanonical semiring schemes whose structure sheaves take values in Rings. The embedding 
i : Schg —> Sch^’‘^^" comes with a right adjoint and right inverse — (8 >n ^ • Schj^’‘^™ —> SchJ 
that sends the subcanonical spectrum Spec^'‘^™B of a semiring B to the spectrum SpecB^ of 
the ring Bz = B®^ Z. 

The functor (—)+ : OBlpr SRings extends naturally to a functor (—)+ : Schp™ Sch^’“" 
that sends the subcanonical spectrum Spec+'‘^™B of an ordered blueprint B to Spec+’‘^™B+. In 
contrast to the analogous situation for geometric blue schemes, the inclusion SRings —> OBlpr 
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fails to extend to a functor from to Schp™ since the subcanonical Zariski topology on 

SRings is strictly stronger than the restriction of the subcanonical Zariski topology on OBlpr. 


6.3. Comparison of geometric and subcanonical schemes. Since every prime k-ideal of an 
ordered blueprint B is a prime k-ideal of its underlying monoid B*, the spectrum SpecB appears 
naturally as a subspace of the subcanonical spectrum Spec^^^’ B. As a consequence, the restric¬ 
tion from Spec‘^“"B to SpecB defines a functor from subcanonical to geometric spectra, and 
this functor extends to a functor S : Schp™ Sch^i. 

Similarly, every prime k-ideal of a semiring B is a prime ideal, and the spectrum SpecB 
appears naturally as a subspace of the subcanonical spectrum Spec^’^^^B. This extends to a 
functor : SchJ’‘^“" —)■ Sch^. 

Since not every covering of SpecB comes from a covering of Spec‘^^"B, it is not possible 
to extend the association that maps SpecB to Spec‘s™ B to a functor from Schpj to Schp™, 
even if B is a global ordered blueprint. This works, however, for the subclass of geometric 
ordered blue schemes that can be covered by the spectra of local blueprints such that their 
pairwise intersections are principal opens. This yields a functor 3“ from the corresponding full 
subcategory of Schpj to Schp™. 

The following collection of results is Theorem A in [31], bearing in mind that we extend 
these results from algebraic blueprints to ordered blueprints. 


Theorem 6.1. The diagram of functors 



satisfies the following properties: 

(i) the outer square and both the inner and the outer triangle commute; 

(ii) the embeddings l are left inverse and right adjoint to the respective base extension 
functors (—)^ and — 

(iii) the functor 9 A induced by the identity functor on Blpr and 9^ A induced by the 
identity functor on SRings; 

(iv) T A a partially defined right inverse functor to 9 whose domain includes all monoidal 
schemes and all geometric blue schemes that are locally of finite type over a blue field. 


6.4. Relevance for scheme theoretic tropicalization. Finally, we have reached the point that 
we can explain the differences between the different theories of tropicalization, as described in 
[21] and [22], in an earlier version of this paper and in the current version. 

For making sense of the analytification of a k-scheme as a “universal tropicalization”, we 
require an extension of the embedding Rings —> OBlpr to the respective categories of schemes. 
This works in the geometric setting where we have a functor t : SchJ —Schpj, but this embed¬ 
ding fails to extend to a functor from SchJ to Sch^™. Therefore we employ the approach via 
geometric blue schemes in this paper. 

In contrast to this digression concerning the universal tropicalization, the choice of using 
geometric blue schemes for “tropicalizations with coordinates” is purely a matter of exposition. 
The use of two different theories of ordered blue schemes would complicate the formulation of 
our theorems in a technical way. This choice comes with the cost that we have to assume that 
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the domain k of the valuation v \k^T with —1, in eontrast to the eorresponding results for 
subeanonieal ordered blue schemes, as used in an earlier version of this text. To confirm, the 
reader should rest assured that the results concerning tropicalizations are correct in this earlier 
version and equivalent to the corresponding results in this paper in the following precise sense, 
assuming that k is with —1. 

Applying the functor S : Schp™ —> Schpj to the tropicalization of a ^-scheme A as a sub- 
canonical ordered blue scheme yields the tropicalization of A as a geometric blue scheme, as 
considered in this paper. 

Conversely, if A is locally of finite type over a field k, fhen ifs fropicalizafion as a geomefric 
ordered blue scheme is locally of finile type over fhe value group of fhe valuafion of k. This 
means fhaf if lies in fhe domain of fhe parfial righf inverse T of S, and ifs image under 3“ is fhe 
fropicalizafion of A as a subeanonieal ordered blue scheme. 

Part 2. Tropicalization 

In the second part of the paper, we give our definition of a tropicalization Trop^ (A) as a solution 
to the moduli problem of extensions of a given valuation v : —> T to a given ordered blue k- 

scheme A with values in ordered blueprints over T. Our central results on tropicalizations show 
their existence for totally positive and for idempotent T. In both cases, our constructions of 
tropicalizations pass through a base change along v. In the latter case, we gain an alternative 
description in terms of a generalization of the Giansiracusa bend relation to ordered blueprints. 

In the subsequent sections, we show how our definition of tropicalization recovers and im¬ 
proves other concepts to tropicalization and analytification. In subsequent sections, we address 
Berkovich analytification, Kajiwara-Payne tropicalization, Foster-Ranganathan tropicalization, 
Giansiracusa tropicalization, Maclagan-Rincon weights, Maepherson analytification, Thuillier 
analytification and Ulirsch tropicalization. 

7. Scheme theoretic tropicalization 

Let k and T be ordered blueprints, v : k ^ T a valuation and A an ordered blue k-scheme. 
In this section, we introduce the functor Valv(A,—) of valuations of A over v. We define a 
tropicalization of A along v as a ordered blue T -scheme that represents Valv(A, —) and construct 
tropicalizations if T is totally positive or idempotent. 

7,1, Tropicalization as a moduli space. Let k be an ordered blueprint. We denote the category 
of ordered blue k-algebras together with k-linear morphisms by Alg^*’. 

Let V : k —7> r be a valuation, i.e. a morphism v* : k* — T* between the underlying monoids 
of k and T together with a morphism v : ^ rP°® such that the diagram 



commutes. Let B be an ordered blue k-algebra and S an ordered blue T -algebra. A valuation 
w : B ^ S over v is a morphism w* : B* ^ S* together with a morphism w : such 

that the diagram 
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commutes. We denote by Valv(B,5') the set of valuations w: B ^ S over v. 

A morphism f :S ^S' of ordered blue T -algebras sends a valuation w : B —)• 5 to the valuation 
f ow : B ^ S' where we define (/ o w)* = /* o w* and (/ o w)'" = o w. This shows that 
Valv(B,5') is functorial in S, and we obtain tho functor of valuations Valv(B, —) : Alg^'’ —> Alg^’’ 
on B over v. 

Definition 7.1. Let k and T be ordered blueprints, v : k ^ T be a valuation and B an ordered 
blue A:-algebra. A tropicalization of B along v is an ordered blue T-algebra Tropy(B) together 
with a valuation : B Tropy(B) that is universal, i.e. for every valuation w: B ^ S over v, 
there is a unique morphism / : S —> Trop^,(B) of ordered blue T -algebras such that w = /ow™"'. 

In other words, a tropicalization of B along v is an ordered blue T -algebra that represents 
the functor Valv(B,—), i.e. the fine moduli space of all valuations of B over v. By the Yoneda 
lemma, the tropicalization of B along v is unique up to unique isomorphism if it exists. 

This notion can be geometrized as follows. Let X be an ordered blue scheme over k with 
structure morphism X Spec^ and Y be an ordered blue T -scheme. A valuation of uj :X 
over V is a morphism w* : T* —> X* together with a morphism a) : 7^°^^ y^mon 
diagram 


(v*)‘ 

SpecT*-^ Speck* 



commutes. 

Definition 7.2. Let k and T be ordered blueprints, v.k^Tbea valuation and X an ordered blue 
A:-scheme. A tropicalization ofX along v is an ordered blue T -scheme Trop^,(Y) together with a 
valuation : Trop^,(X) —)• X that is universal, i.e. for every valuation a;: F —)• X over v, there 
is a unique morphism ip :Y ^ Tropy(X) of ordered blue T -schemes such that io = w”""' o p. 

Like in the affine situation, a tropicalization Tropy(X) of X along v represents the functor 
of valuations Vali,(X,—) : Sch^’’ —)• Sets on X over v, which sends a T-scheme F to the set 
Valv(X,F) of valuations w : X —F over v. 

We call T the base o/Trop^,(X) or the tropicalization base if the context is clear. 

7.2. Tropicalization for a totally positive tropicalization base. Let v : k —^ T be a valuation. 
For an ordered blue k-algebra B, we can make precise the idea that its tropicalization is the base 
change of B along the valuation v : k —^ T in case that T is totally positive. 

We begin with the following preliminary observation. Let S be an ordered blue T -algebra 
and B an ordered blue k-algebra. Then the morphism w : —)• is uniquely determined 

by the valuation w: B ^ S since B™™ —)• B is a bijection. This yields a map 

Valv (B, 5) —^ Homr (Bv, S) 

where we write By for the tensor product B™°" (8);;.mon 7"?°® 

Lemma 7.3. The map Valv(B,5') —Hom7 ’(Bv,5'P°®) is a bijection ifT is idempotent or totally 
positive. 

Proof If T is idempotent or totally positive, then every ordered blue T -algebra S is idempotent 
or totally positive as well. By Lemma 2.15, S is strictly conic, and by Corollary 2.11, the 
canonical morphism S —)■ S'P”® is a bijection. This shows that a valuation w is determined by w 
in this case. □ 
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Theorem 7.4. IfS is totally positive, then Trop,,(B) = (2);(.mon rP°® is a tropicalization ofB 

along V. 

Proof. If T is totally positive, then every ordered blue T -algebra S is totally positive as well, i.e. 
S = Therefore, the theorem follows at once from Lemma 7.3. □ 

As explained in section 2.6, we can model partially additive blueprints as monomial blueprints, 
which includes semirings, blueprints with —1 and monoids. By Corollary 2.13, we can model 
strictly conic blueprints as totally positive blueprints, which includes Mj.o and all idempotent 
semirings. 

Since a valuation v \k ^ T from a monomial blueprint ^ to a totally positive blueprint T is 
nothing else than a morphism of ordered blueprints, we draw the following conclusion. 

Corollary 7.5. Let v.k^T be a valuation from a monomial blueprint k to a totally positive 
blueprint T and X a monomial ordered blue k-scheme. Then the base change X is a 
tropicalization ofX along v. 

Proof This follows at once from Theorem 7.4 by choosing affine pavings for X. □ 

Remark 7.6. In the given framework of ordered blue schemes, the functor (—: OBlpr ^ 
OBlpr fails to extend to an endofunctor on Schpj. It does, however extend to an endofunctor 
(_)mon ; Schp™ —> Schp™ of the category of subcanonical ordered blue schemes, as explained 
in [34]. Therefore, we have Trop^,(X) = T in Schp™ if T is totally positive. 

Remark 7.7. Corollary 7.5 makes precise the idea of the tropicalization as a base change along 
a valuation, as explained in the introduction. As we explained in Remark 2.7, : Halos ^ 

OBlpr"'°" is a fully faithful embedding of the category of halos, which are ordered semirings to¬ 
gether with subadditive morphisms, into the category of monomial blueprints. In the following, 
we identify halos with their images in OBlpr™™. 

Let k —> B and v : k —> T be a morphism of halos and assume that T is totally positive, e.g. 
T = (M>°q or r = (TP”®)™™. Then the tensor product exists in OBlpr™™ and it is a 

tropicalization of B along v. 

Note that the tensor product B^^T is totally positive, but that it is typically not a halo. At 
the moment of writing, it is not clear to me in which situations a tensor product of halos exists 
in Halos. 


7.3. The bend functor. In this section, we introduce the bend relation, which generalizes the 
corresponding concept from [21] to our setting; see section 11 for details on the connection to 
[ 21 ]. 


Definition 7.8. Let v : k ^ T he a valuation and B an ordered blue k-algebra. The bend of B 
along V is the ordered blue T -algebra 

Bendv(B) = (g)*.. r/bendv(B) 

whose subaddition is generated by the subaddition of T and the bend relation 


bendy (B) 





a if ^bj in 



A morphism f : B of ordered blue k-algebras defines a map 

Bendv(/) : Bendv(B) —^ Bendv(C). 

b'Sit I—)■ f{b)®t 

This map is clearly multiplicative and T -linear. The bend relations are preserved for the fol¬ 
lowing reason. If a relation a ^ in B induces the relation a g 1 -|- g 1 = g 1 on 
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Bendv(B), then the image relation /(a) ^ in C induees the relation f{a) (8> 1 +L/(^y) ® 

1 = <8* 1 on Bendv(C). This defines the bend functor 

Bendv: Algf —^ Algf. 

Note that the bend of B along v is idempotent sinee 1 ^ 1 in B implies 1(8)1 + 1®1 = 1®1 
in bendy(B). Sinee the bend of B depends only on relations of the form a we have 

Bendv(B“°") = Bendv(B). By the very definition of bendv(B), the bend of B is algebraie if T 
is so. 


Lemma 7.9. Let B be an ordered blue k-algebra and S <ZB a multiplicative subset. Let Sy = 
S'®!!} be its image in Bendy(B). Then the association - ®b defines a canonical 

isomorphism Bendy(B) —)■ Bendy(5'^^B). 


Proof. The eanonieal morphism Sy ^Bendy(B) —> Bendy(5' ^B) is indueed from the isomor¬ 
phism of ordered blue T -algebras 

Sy-' (B* T) (S-'B* T). 

We have to show that this morphism of monoids identifies fhe respeefive subaddifions of bendy (B) 
and bendy (S^^B). 

The generafors for fhe bend relafions of Bendy (B) and Bendy (5^ ^B) are of fhe respeefive 

forms 


a( 8 ) 1 
5(8) 1 


+ I 


bj (g) 1 


y ' 


and 



where s,Sa,Sj € S and a ^Y.bj in B. Nofe fhaf we use fhaf fhe subaddifion of S ^B is generafed 
by fhe subaddifion of B. Relafions of fhe former fype are relafions of fhe laffer fype, whieh im¬ 
plies fhaf fhe eanonieal map 5^7^ Bendy(B) —)■ Bendy(5'^^B) is a morphism of ordered blueprinfs. 
Conversely, every relafion of fhe laffer form ean be rewriffen as 


5("')a(8) 1 
5(8) 1 


+ I 


s^ j'^bj (8 1 
5(8) 1 


I 


s^ j^bj (8 1 
581 


where 5 = 5^ • ■ Ui^j^i- 


□ 


Lemma 7.10. Let v : k ^ T be a valuation. The functor Bendy : Alg^*’ —Alg^*’ commutes with 
non-empty colimits. 


Proof. The sfafemenf follows if we ean show fhaf Bendy commutes with cofibre products and 
non-empty coproducts. 

Let C ^ B —)■ D be a diagram of ^-algebras. The cofibre producf of C and D over B is fhe 
fensor producf C 8 bD. We have (C 8 bD)* = C* 8b* D* and 

Bendy(C8BT)) = C* 8b*T)* 8i:* r/bendy(C8BT)). 


A relafion a 8 ^ ^ L *8) d; in C 8b T) musf be fhe sum of a relafion of fhe form a8l 
or 1 8 ^ L1 <8) dy wifh relafions of fhe form 0 ^ ^Cy 8 dj. Since addifion of relafions of fhe 
laffer fype do nof confribufe fo bendy (C 8b T)), we can resfricf our affenfion fo relafions of fhe 
former fypes. If we write 


bendy(C)8l = ^a8 1 8 1+^c,8 1 8 1 = ^c,8 1 8 1 a^^c,-inC 


and 


b ^^dj in D 


l8bendy(D) = {^I8fi8l-|-2^l8dy 81=2^18 dy8l 
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then we conclude that bendv(C(8)BD) = (bendv(C) (g) 1,1 (8)bendv(D)). Since 
C* D* (g)^. T = (C* T) (£>* r), 

we conclude that 

C* 0B- D* (g)^. T H (bendy (C) ® 1,1 (g) bendy (D)) 

= (C* T //bendy(B)) ®(B.®,.r//bend.,(B)) (^* T’//bendy(D)), 

which is Bendy(C) ®Bendv(B) Bendy(D) as desired. 

Since the coproduct of a non-empty family {B,} of ordered blue ^-algebras is represented by 
the (possibly infinite) tensor product B, over k, it follows from the same argument as for the 
cofibre producf fhaf Bendy commutes with non-empty coproducts. This completes the proof of 
the lemma. □ 

Remark 7.11, Since Bendy (^) is idempotent, it is clear that Bend,, does not preserve initial 
objects if T is not idempotent. If, however, T is idempotent, then it can be proven that Bendy (^) 
is isomorphic to T. It follows that Bendy preserves all colimits if T is idempotent. 

Lemma 7.12. Let v.k^T be a valuation and assume that k is with — 1. Then Bend,, preserves 
covering families. 

Proof. Assume that Y = SpecB is covered by principal open subsets Uhj = SpecB[/ic']. As 
explained in the proof of Lemma 4.9, the (7/,, cover X if and only if 1 is contained in the k-idesA 
generated by the hi, i.e. there exists a relation of the form 1 + '£.^khi^^ = with bk,ci € B. 

Since k, and therefore also B, is with —1, we can add '£.{~^k)hk above equation. After 
renaming the coefficients, we find a relafion of fhe form 1 = Y,t>khii, wifh bi<_ € B. 

Applying fhe bend functor to B and fhe B[hf^] yields fhe T -scheme Xj = Spec Bendy (B) and 
the principal opens Uh®i = Bendy ((//,.) = Spec (Bend,, (B)[(/j,- (g) 1)^^]), using Lemma 7.9. The 
relation 1 yields the bend relation 1 (g) 1 + '£.^khk ® 1 = 1 in Bendy(B). This 

shows that 1 = 1 (g> 1 is contained in the A:-ideal generated by the /i,- (g) 1. Thus Xj is covered by 
the Uh®\, which completes the proof of the lemma. □ 

Theorem 7.13. Let v : k ^ T be a valuation and assume that k is with —1. Then the bend 
functor extends to a functor 

Bendy: Sch^: —> Scbj- 

that sends an affine open U = SpecB of an ordered blue k-scheme X to the affine open Bendy(f7) = 
Spec (Bendy (B)) of the ordered blue T-scheme Bendy(A). 

Proof. This follows Lemma 4.8 whose hypotheses are verified by Lemmas 7.9, 7.10 and 7.12. 

□ 


For lafer reference, we provide fhe following facf. 

Proposition 7.14. Let v : k^T be a valuation and assume that k is with —1. The bend functor 
Bendy : Schyt —> SchT preserves open and closed immersions. 

Proof. Thaf Bend,, preserves open immersions follows immediafely from Lemma 7.9. The 
quesfion of whefher Bend,, preserves closed immersions can be reduced fo fhe affine case by 
choosing an open affine covering. Thus if suffices fo consider a surjecfion / : B —^ C of ordered 
blue /^-algebras and fo show fhaf Bendy(/) is a surjecfion. Buf fhis follows af once from fhe 
definifion of Bendy(/) as fhe map f^iAj : {B* T /bendy(B)) — >■ {C* T /bendy(C)). 

□ 
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Remark 7.15. The condition that k is with —1 is not essential and can be omitted if we employ 
theories of ordered blue schemes that are based on alternative definitions of the spectrum of an 
ordered blueprint. We present two such approaches. 

As explained in the earlier version [34] of this paper, the bend extends to a functor Bendy : 
Sch^™ —> Schy™ between corresponding theories of subcanonical ordered blue schemes without 
any restrictions on k. The reason for us not pursue with this line of thought is that the embedding 
Rings ^ OBlpr does not extend to an embedding of SchJ to Schp™, and therefore subcanonical 
ordered blue schemes are not suitable to deal with analytifications. 

The following alternative does not run into this problem, but requires more explanations. 
Analogously to the definition of SpecR, which consists of the prime A:-ideals of B, one can define 
the ideal spectrum Spec“^B of B that consists of all prime ideals of B, i.e. all subsets p of B such 
that 0 € p, such that pB = p, such that a = Y,bj with bj € p implies a € p and such that 5 = B — p 
is a multiplicative set. This leads to the theory of ordered blue ideal schemes whose category 
Schpj has similar properties to Schpj. Some more details on such an approach can be found in 
the third arXiv version of [31]. In particular, the category SchJ of usual schemes occurs as a 
full subcategory of Schp^; even better, the category Sch^’‘^“’ of subcanonical semiring schemes 
is a full subcategory of Schp^. 

Since every ^-ideal is an ideal of an ordered blueprint, the spectrum SpecB is naturally a 
subspace of the ideal spectrum Spec“^B. The restriction to this subspace induces a functor 
1 : Schpi —)• Schpj. In general, not every ideal is a ^-ideal, but if B is an ordered blue ^-algebra 
with —1, then this is the case, and both notions of spectra coincide. This means that 3“ induces 
an equivalence of categories : Sch^‘^ —> Sch^: if k is with —1. 

Using this point of view, we can extend the functor Bendy to valuations v : k ^ T, without 
any restrictions on the ordered blueprints k and T, as a functor Bendy : Schjf —)■ Schy. The 
proof of Lemma 7.12 makes clear that we cannot avoid the use of two different scheme theories 
in such generality if we want to include the bend of usual schemes, which is desirable for 
analytifications. We refrain from such an approach, even though it is more conceptual, in order 
to keep the necessary background in scheme theory in this paper as small as possible. 

7.4. Tropicalization for an idempotent tropicalization base. We show that the bend functor 
is a tropicalization if the tropicalization base is idempotent. 

Theorem 7.16. Let v : k ^ T be a valuation in an idempotent ordered blueprint T. Let B be an 
ordered blue k-algebra. Then there is a canonical isomorphism 

Bendy (B) ^ (B""™ (g, j,eore T 

of ordered blue T-algebras, and Tropy(B) = Bendy(B) is a tropicalization ofB along v. 

Proof. Let B = A/fR be a representation of B and — grnon jpos Then Valy(B,S) equals 
the morphism set Hom7’(By,5'P°®) of ordered blue T -algebras, and there are surjections 

A®k’T —By and ^ Bendy(B) 

of ordered blue T -algebras. Note further that the canonical morphism By”'^ —)• By is a bijection, 
which factors into bijections 

Bcore ^ By. 

Every ordered blue T-algebra S is idempotent. Thus by Corollary 2.16, 
isomorphism and S 8^^°^ is a bijection. 

Putting these facts together, we see that each of the homomorphism sets 

Homr(By,5P°*), Homr(B7" (8)r“-T,5) and Homr(Bendy(B),S) 
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of ordered blue T-algebras embeds canonically into Hom 7 ’(A®jf. We claim that these 

three homomorphism sets are equal as subsets of Hom 7 (A iSik' 

Once we have proven this, it follows that Bendy(B) is isomorphic to T and rep¬ 

resents the functor Valy(B, —) = Hom7’(By,— ). Note that we can describe the isomorphism 
/ : Bendy(B) —> By“® ^j-core T explicitly as the following map: for an element a G Bendy(B), 
choose an inverse image a' in A (g)^. T and define /(a) as the image of a' in BJ;“® ^jcok T. 

We prove the equality of the three homomorphism sets in question by circular inclusions. We 
begin with the inclusion Hom 7 (By, 5 'P°®) C Hom 7 ’(By“''^ T,S). The map 

(_)™re; Homr(By,5P°^) ^ HomTco.e(B 7 ^ (5P°^)“'■'=), 

is injective since the canonical morphisms By°’''^ —> By and are bijections. The 

inclusion (^po^jcore _ ^core ^ ^ yields an inclusion 

Hom^-e(B“‘■^(5P°^)“^'=) c Hom^co^e(B7^S) 

whose codomain is equal to Homr (g) 7 ’core T,S). Altogether this yields the desired inclusion 
HomT(By,SP“) C Hom 7 -(B“>'" 07 -core T,S). 

We proceed with the inclusion Homy (By™® 07 -core T,S) C HomT- (Bendy (B) , S). Since Bendy (B) 
A 0jf T / bendy (B), this inclusion follows if we can show that the subaddition of B®”® con¬ 
tains the bend relation bendy (B). Consider a in B. Then a 0 1 ^ 0 1 in By = 

B"'°" 0^mon rP°g Since TP®* is idempotent and totally positive, By is so, too. This implies that 

afSil+Y^bj^l ^ = ^bj^l 

and 

^by0l = O-|-^by0l ^ a0l-|-^bj0l. 

Thus 1^^ / 0 1 = a 0 1 -h 0 1 in B®™®. This shows that the subaddition of B®®”'® contains 
bendy (B). 

We proceed with the inclusion HomT- (Bendy (B) , S) C Homy (By , SP®® ). Consider a T -morphism 
/ : Bendy(B) S. We can represent By as A 0^;. rP°®/3?y where 3?y is the relation on A 0j;. TP®® 
that is generated by the image of the relation of B*"®" in By. The composition 

/':A0^.r —^ Bendy (B) —^ S ^ SP®" 

induces a T-morphism By SP®® if f maps the relation IR,, to the subaddition of SP®®. This 
can be verified on the generators of fRy, i.e. we have to consider only the relations of the form 
a 0 1 ^ b; 0 1 for which a in B. The latter relation yields the bend relation 

1101 +^^ 1,-01 = ^bj<^l 

in Bendy (B). Consequently, S contains the relation 

/(a 0 l) -h ^/(bj 0 l) = ^/(bj 0 l), 

and by Lemma 2.10, we have f'{a® 1) < 0 1) in S'P®®. This shows that f induces a T- 

morphism By —> 5P®^ which implies the last inclusion and completes the proof of the theorem. 

□ 

Let V : ^ r be a valuation and X an ordered blue ^-scheme. We obtain the following 
immediate consequences. 

Corollary 7.17. IfT is algebraic and idempotent, then Tropy(B) is algebraic and isomorphic 
to Bendy(B) = (B™" 0im„„ rP®^)®®®®. □ 

A comparison of Theorem 7.16 with Theorem 7.4 yields: 

Corollary 7.18. IfT is totally positive and idempotent, then Bendy (B) = B™®" 0^mon T is a 
tropicalization of B along v. □ 
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Remark 7.19. It seems odd that we need two completely different proofs for the existence of 
Trop,,(B) in the case that T is totally positive and the case that T is idempotent. The question 
whether there is a unified proof that extends to a possibly larger class of tropical bases suggests 
itself. Note, however, that the non-obvious identity 

= B""™ (8)^n.on rP°^ 

for totally positive and idempotent T, which results from the two different proofs, fails to hold 
for a merely totally positive T or a merely idempotent T. 

Provided that k is with —1, we obtain the geometric version of Theorem 7.16. 

Theorem 7.20. Let v : k^T be a valuation from an ordered blueprint k with —1 in an idempo¬ 
tent ordered blueprint T. Let X be an ordered blue k-scheme. Then Trop^,(X) = Bendy (X) is a 
tropicalization ofX along v. 

Proof. This follows immediately from Theorem 7.4, using the construction of Bendy in Theo¬ 
rem 7.13, which requires that k is with —1. Note that Pfl:/y(SpecB,F) = Valy(B,rF) for any 
ordered blue ^-algebra B if F is affine. □ 

Remark 7.21. Nofe fhaf fhe analogue of Theorem 7.20 for subcanonical ordered blue schemes 
does nof require fhaf k is wifh — 1 since Bendy due fo fhe rigid topology of ordered blue schemes; 
cf. fhe lasf paragraph of section 6.1. Moreover, in fhis latter approach, fhe funcfor 
extends fo a funcfor (—: Sch^j Schpj and we gain a nafural isomorphism Bendy(X) ~ 
(Xmon jpos^core p fQj- gyery Ordered blue ^-scheme X. 

To poinf fhis ouf once more, we do nof follow fhis line of fhoughf in fhe present text since 
it does not cover analytifications since the bend of a usual scheme is not well-defined as a 
subcanonical semiring scheme. 


8. Berkovich analytification 

To begin wifh, we review fhe definifion of fhe Berkovich analyfificafion as a topological space. 
See [8] or [3] for more defails. 

Lef k be a field wifh (non-archimedean) valuation v : k —> T and X a k-scheme. We consider 
T fogefher wifh ifs real topology, cf. Example 5.3. 

If X = SpecB is affine, fhen fhe Berkovich analytification ofX is fhe sef X™ of all valuafions 
w : B —> T whose resfricfion fo k is v, endowed wifh fhe compacf-open fopology wifh respecf fo 
fhe discrete fopology on B. In ofher words, X^" is equipped wifh fhe coarsesf fopology such fhaf 
fhe evaluafion maps 

ev«: X^’ —^ T 
w I—)• w{a) 

are continuous for all a£B. 

If X is an arbifrary k-scheme and It an affine presenfafion of X, fhen we define X™ = 
colimll^’ as a fopological space. Nofe fhaf fhis definifion is independenf of fhe chosen affine 
presenfafion since T is geomefrically local and wifh open unif group, cf. Theorem 5.2. 

If we endow fhe sef Bendy (X)(T) of fropical poinfs of fhe bend of X along v wifh ifs fine 
fopology, fhen we obfain fhe following inferprefafion of the Berkovich space X™. 

Theorem 8.1. The Berkovich space X™ is naturally homeomorphic to Bendy (X)(T). 

Proof In the notation of section 7, we have X™ = Valy(X,T) as point sets. Since T is idempo¬ 
tent, Theorem 7.16 yields that Bendy(X)(T) is the tropicalization ofX along v, i.e. Bendy(X)(T) 
Valy(X,T) as point sets. This shows that X^" stays naturally in bijection with Bendy(X)(T). 

Since T is a topological Hausdorff semifield wifh respecf fo fhe real fopology, cf. Example 
5.3, fhe fine fopology of Bendy(X)(T) is determined by any affine open covering of X. By 
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virtue of Theorem 5.2, this reduces the comparison of the topologies of X™ and Bendy(X)(T) 
to the case of an affine ^-scheme X = SpecB. 

In this case, the canonical bijection : Bendy(B)(T) is given explicitly as 

(^/:Bendy(B)—^ t) i—^ (w : B ^ Bendy(B)-4 t) 

where we use that Bendv(B) is defined as B* 0 ^.. T/bendv(B). By definifion of fhe affine 
topology, fhe topology of Bendy (X)(T) is generated by subsefs of fhe form 

Ua 0 t,W = {/: Bendy(B)T|/(fl'0f) € it} 

where a G B, t G T and IT C T is an open subsef, while fhe topology of is generated by 
subsefs of fhe form 

Ua,w = { w : B ^ TI w(fl;) G IT } 

where a € B and IT C T is an open subsef. If is easily verified fhaf (f7a vr) = Ua®\,w- Thus 
*T is confinuous. 

We are leff wifh proving fhaf *T is open. Consider a basic open Ua 0 t,z of Bendy(B)(T) and 
denote by m, : T ^ T fhe mulfiplicafion wifh t. Then we have 

Ua®t,Z = {/:Bendy(B)^T|/(«0 OeZ} 

= {/:Bendy(B)^T|/(a0l)Gmr'(Z)} = 

Since fhe mulfiplicafion of T is confinuous, m^^{Z) is an open subsef of T. Thus we see fhaf 
^{Ua^t,z) = 1 ^ 2 ) is open in B^", which concludes fhe proof of fhe fheorem. □ 

Remark 8.2. The same fechnique of proof can be used to show fhaf X™ is homeomorphic fo 
HomT(X™™0i:mon ']rP°®,TP°®). This viewpoinf can be extended to fhe Berkovich space M(B) of 
all, possibly archimedean, valuations of a ring B as follows. Also confer fhe work Berkovich 
([8, Section 1]) and Poineau ([46]) on fhe Berkovich space M(Z) of fhe arifhmefic line. 

Consider fhe frivial valuation v : Fi ^ Fi. Then every valuafion w : B —> is an exfension 

of V. Define By = B’"°" ^pmon = (B’"°n)P°s and consider R!}°q wifh fhe real topology. Then 
M(B) is nafurally homeomorphic fo Hompj (ByjR!}^), endowed wifh fhe fine topology. 

9. Kajiwara-Payne tropicalization 

Before we explain how fo recover fhe Kajiwara-Payne fropicalizafion as a rational poinf sef of 
a scheme fheorefic fropicalizafion, we review fhe definifion of foric varieties and fhe fheory of 
Kajiwara ([26]) and Payne ([45]). This shall serve fhe reader as a reminder and allows us fo fix 
nofafion. 

9.1. Toric varieties. Lef A® be a real vecfor space wifh a lattice Nz- A (strongly convex poly¬ 
hedral rational) cone in Ar is a convex cone r of Ar such fhaf r D (—r) = {0} and fhaf is 
generafed over R^o by finitely many elemenfs of Nz- A face of t is fhe intersection of r wifh a 
half space H of Nr such fhaf fhe intersection is eifher equal fo r or is confained in fhe boundary 
of T. A fan in Ar is a collecfion A of cones in Ar such fhaf every face of a cone in A is in A and 
such fhaf fhe infersecfion of fwo cones in A is a face of each of fhese cones. 

The dual cone of a cone r is fhe subsemigroup = {x G A^j < x,y 0 for all y G r} of 
fhe dual vecfor space A^. We define fhe monoid Ar wifh 0 fhaf resulfs from wrifing H Ag 
mulfiplicafively and adjoining an addifional elemenf 0. Then an inclusion a C r of cones in A 
yields a finite localizafion Ar —> of monoids. This defines a diagram D of monoids Ar wifh 
zero and finife localizations. 

Applying fhe functor Spec fo fhe diagram T> yields an affine presenfafion If in affine monoid 
schemes. The base exfension If^ is an affine presenfafion in affine k-schemes. We define fhe 
toric variety associated with A as X(A) = colimll^. 
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9.2, Tropicalization of closed subvarieties. We begin with the tropiealization of an affine 
torie variety. Let r be a eone in and Ur = Spec A,-. Then Xr = is an affine forie variefy. 
Ifs analyfifieafion X™ is fhe sef Valv(^[AT-]+,T) of all valuafions w : ^[A,-]+ —> T fhaf exfend v, 
endowed wifh fhe eompaef-open fopology. The Kajiwara-Payne tropicalization Trop^^(XT-) of 
Xr is defined as fhe sef Hom(AT-,T) of monoid morphisms, endowed wifh fhe eompaef-open 
fopology where we regard Ar as a diserefe monoid. If eomes wifh fhe eonfinuous surjeefion 

frop^f : Xf = Val,(^[A,]+,T) ^ Hom(A,,T) = Tropf 

fhaf resfriefs a valuation w : ^[At-]+ —> T fo fhe monoid morphism w\a^ : A,- —)■ T. 

This eonsfruefion is eompafible wifh glueing affine pieees along prineipal open subsefs. 
Namely, lef A be a fan in Nr. Then N(A) = colimX,-, wifh respeef fo fhe inelusions C Xr 
whenever a Ut, and N(A)™ = colimX™ as fopologieal spaee. We define Tropf^(N(A)) as 
eolimif of fhe fopologieal spaees Hom(AT-,T) wifh respeef fo fhe open fopologieal embed¬ 
dings Hom(ACT,T) ^ Hom(AT-,T) fhaf are indueed by inelusions a C t. Moreover fhe map 
X^n Tropf^(NT-) exfends fo a eonfinuous surjeefion 

frop^^ N(A)“ ^ Tropf(N(A)). 

A elosed immersion i\Y ^X (A) of a ^-seheme Y info fhe forie ^-variefy X (A) yields a elosed 
embedding : T™ ^ X (A)™ of fopologieal spaees. We define fhe Kajiwara-Payne tropicaliza¬ 
tion Trop^f (T) ofY as fhe image frop^^(T), endowed wifh fhe subspaee fopology wifh respeef 
fo fhe inelusion : Trop^f(T) —> Trop^^(N(A)). The Kajiwara-Payne fropiealizafion of Y 
eomes wifh a surjeefive eonfinuous map 

frop^f: T“ ^ Trop^f(T). 


9,3, The associated blue scheme. We explain how to obtain Trop^f (T) as a set of rational 
points of a seheme theoretie tropiealization Trop^(Z) of a suitable blue ^-seheme Z that we 
define in the following. 

If Z(A) =Xr = Spec^[AT-]+ is affine, then the elosed immersion i\Y ^Xr eorresponds to a 
surjeefion tt : ^[At-]+ —> FT of rings. We define the blue ^-seheme Zr as Spec^[AT-]/fRT- where 


Olr = 


{ L7r(a,) = Y.'^ibj) }. 


Note that the natural inelusion k[Ar]//0lr —> FT induees a morphism /3r - Y ^Zr whose assoei- 
ated morphism /?+ : F —> Z+ of fc-sehemes is an isomorphism. 

For a elosed subseheme Y of an arbitrary torie ^-variety Z(A), we define the affine presen¬ 
tation Vj(:(A) as the diagram of morphisms Z(j — )■ Zr whenever a C t and we define the blue 
fc-seheme Z as colimVj(:(A). The morphisms /3r glue to a morphism (3 \ Y ^Z, whieh induees 
an isomorphism /3+ : F —> Z+ of ^-sehemes. We say that Z is the blue model ofY induced by i. 


Theorem 9,1, The Kajiwara-Payne tropicalization Trop^f(F) is naturally homeomorphic to 
Bendv(Z)(T) and the diagram 




-Trop^f(F) 
Bendv(F)(T) — Bended)( t) ^ Bendv(Z)(T) 


of continuous maps commutes. 


Proof Sinee all funetors in questions are defined in terms of affine eoverings, it is enough to 
prove the theorem in the affine ease. Sinee the set = Hom(^[AT-], T) of monoid morphisms 
stays in natural bijeetion with the set Valv(^[AT-],T) of valuations on ^[A,-] in T that extend v. 
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the image Trop^f (F) of F™ = Valv(^[AT-]//,T) under Trop^:^ equals Valv(^[AT-]/lRv,T), which 
stays in natural bijection with Bendy (Z)(T) by Theorem 7.16. 

Note that the commutativity of the diagram follows from the functoriality of the bend func¬ 
tor. Thus we are left with showing that the bijection Tropff’(F) —> Bendy (Z)(T) is a home- 
omorphism. By Theorem 11.2 and Example 5.3 and the local definition of the topology of 
Tropff (F), this can be verified on affine pafches. 

Since Bendy(Z)(T) inherifs fhe subspace topology from HomT(Bendy(A:[A,-]),¥) and Tropff (F) 
is defined as a topological subspace of = Hom(AT-,T), if suffices fo show fhaf fhe nafural 
bijection 

: Hom(AT-,T) —^ HomT(Bendy(^[AT-]),T) 

is a homeomorphism. Since Bendy (A: [A^]) = A:[At-]* (8 );^. T/bendy (/:[At-]), fhe image of a basic 
open of fhe former morphism sef is 

= {f:k[Ar]*^k-T^T\f{a®l)eV} = Ua^iy 

where a £ A-r and F C T open, and Ua®\y is a basic open in Hom-f (Bendy[A,-]),¥). This 
shows fhaf 'B is an open map. 

Conversely, consider a basic open Uca®ty of Hom-f (Bendy[A,-]),¥) where c £ k, a £ At, 
t € T and F C T is an open subsef. Denote by :¥—)•¥ the multiplication by v{c)t, which 
is a continuous map. Then we have 

Uca&y = {/:Bendy(^[A^])-;-T|/(ca(g)f) gF} 

= {/:Bendy(fc[A,])^T|/(a®l)Gm;(^^/F)} = 

and thus *B~^(f7ca(8)f,v) = U -i (y,, which is a basic open of Hom(AT-,T). This shows that *B 
is continuous and completes the proof of the theorem. □ 


10. Foster-Ranganathan tropicalization 

Motivated by the paper [6] of Banerjee, Foster and Ranganathan generalize in [19] the Kajiwara- 
Payne tropicalization to higher rank valuations of the ground field k. In fhis secfion, we will 
show how fhe Fosfer-Ranganafhan fropicalizafion fifs info fhe confexf of scheme fheorefic frop- 
icalizafion. We recall fhe sefup of [19]. 

We denote by fhe idempofenf semiring M”o U {0} wifh fhe componenfwise multiplica¬ 
tion, whose addifion addition is defined as faking fhe maximum wifh respecf fo fhe lexicograph¬ 
ical order. The order fopology fums info a fopological Hausdorff semifield. In particular, 
salisfies all fhe hypofheses of Theorem 5.2. 

Fef k be a field wifh valuafion v : k —> and F = SpecB an affine k-scheme. The Foster- 

Ranganathan analytification ofY along v is fhe sef 

An™(F) = {w:R^TW|rvk = v;t} 

of all valuations w fhaf extend v to B. If is endowed wifh fhe compacf-open fopology where B is 
considered as a discrefe k-algebra. 

Fef A be a commutative monoid with zero and tt : k[A]+ B a surjection of k-algebras. 
This corresponds to a closed embedding t : F —)• Z of k-schemes where X = Speck[A]'^. For 
instance, if A — {0} is a finitely generated abelian group, then X is a split k-torus. The Foster- 
Ranganathan tropicalization ofY along v with respect to l is the image Tropyf (F) of the map 

trop^f:An™(F) —^ Hom(A,TW) 
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that sends a valuation w : B —> to the composition A —^[A]+ —> B ^ T("). We endow 

Hom(A,T^”)) with the compact-open topology, with respect to the discrete topology for A, and 
Trop™(F) with the subspace topology. 

Let Z = Spec^[A]/fR be the blue ^-scheme associated with l :Y ^ X where = 

(3 :Y the morphism induced by the inclusion k[A]//0l B. 

Theorem 10.1. The Foster-Ranganathan analytification An™(F) is naturally homeomorphic 
to Bendy(F)(T(”)), the Foster-Ranganathan tropicalization Trop^f (F) is naturally homeomor¬ 
phic to Bendy (Z)(T(”^) and the diagram 

Anf^F)-^ Trop™(F) 

Bendy(F)(TW) ^ Bendy(Z)(T(»)) 

of continuous maps commutes. 

Proof. The proofs of Theorems 8 .1 and 9.1 apply verbatim with T exchanged by □ 

Remark 10.2. Foster and Ranganathan consider in [19] also the topology for induced from 
the natural embedding into the Euclidean space R”. Since is also a topological Hausdorff 
semiring with respect to the Euclidean topology, the analogue of Theorem 10.1 also holds for 
the Euclidean topology. 

Remark 10.3. Note that the scheme theoretic Eoster-Ranganathan analytification is compatible 
with the order preserving projections for I <n, as considered in section 2.1 of [19], 

in the following sense. 

A rank n valuation v„ : k ^ of the field k induces a rank I valuation vj :k^ for every 
I < nhy composing wifh fhe projection 7 r„ / : onto fhe firsl I factors. This map in¬ 

duces a continuous map vr™(F) : An™(F) —> An™(F) of Eosfer-Ranganafhan analyfificafions. 

This continuous map can be recovered by applying <I>y = Hom-]p(„)(Spec(—),Bendy^_(F)) to 
fhe morphism 7r„ / : ^ In ofher words, 

FRiy\ 

An™(F)-^-- An™(F) 

Bendy„(F)(T("))-^ Bendy,(F)( tW) 

is a commutative diagram of continuous maps where we use that Bendy^ (F) is isomor¬ 

phic to Bendy, (F). 

There is a similar commutative diagram for the projections Trop™ (F) —Trop™(F) of 
Foster-Ranganathan tropicalizations, which play a prominent role in a forthcoming paper by 
Foster and Hully. 

10.1. What is new? As a consequence, we can extend the Foster-Ranganathan tropicaliza¬ 
tion beyond the affine case. For insfance, a closed immersion l :Y ^ X (A) of F info a foric 
variefy A (A) yields an associafed blue k-model Z of F. We define fhe corresponding Foster- 
Ranganathan tropicalization Trop^f(F) as fhe topological space Bendy (Z)(T(")). By Theorem 
5.2, fhe affine open subschemes F^ = F nA^ for cr G A yield open fopological embeddings 
Trop™(FCT) ^ Trop™(F), which cover Tropff (F). 

More generally, fhe Fosfer-Ranganalhan fropicalizafion can be exfended fo toroidal embed¬ 
dings and log-sfrucfures via fheir associafed blue schemes, as considered in secfion 15. 
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11. Giansiracusa tropicalization 

Jeff and Noah Giansiracusa introduce in [21] the bend relation for a closed subscheme of a toric 
variety or, more general, of a monoidal scheme over a non-archimedean field k. We recall this 
theory and explain how to recover the Giansiracusa bend relation from our point of view. 

11.1. The bend functor for morphisms into monoid schemes. Let Rbea ring homomor¬ 

phism and v.k^T a valuation into an idempotent semiring T that is totally ordered, i.e. for all 
a,b ^ 7 "pos^ either a ^ b or b ^ a. Let Aq be a monoid with zero and r/: Aq —> a multiplicative 
map such that the induced homomorphism r]^ : ^[Aq]^ —> /? of /:-algebras is surjective, with 
kernel I = ^ (0). Then the Giansiracusa tropicalization of R with respect to v and rj is the 

semiring 

Trop^;^(/?) = r[Ao]+//bend^J(/) 

where the Giansiracusa bend relation bend^^ (/) is generated by the relations 

v{ca)a + '^v{cj)bj = 'Y^v{cj)bj for which CaO + '^cjbj G I 
with Ca,Cj G k and a, bj G Ao- 

Remark 11.1. Note that the congruence bend^^ (/) is generated by those relations of the above 
form for which a and the bj are pairwise different. This observation explains that our definition 
of Trop^^(/?) coincides with the original definition in [21]. 

For integral monoids A, [21] shows that the bend relations are compatible with localizations. 
Therefore the Giansiracusa tropicalization can be extended to k-schemes Y with respect to a 
morphism t: F —> Jf to an integral monoid scheme X that induces a closed immersion -.Y ^ 
Xj^. Choosing compatible affine presenfafions of F and X and applying Tropjf^, where i] slays 
for Ihe map belween Ihe coordinale blueprinls of objecls of Ihe chosen affine presenfafions, 
yields Ihe Giansiracusa Iropicalizafion Trop^^*^ (F) of F wilh respecl lo v and l. 

11.2. The associated blue scheme. The conneclion wilh Ihe bend funclor from seclion 7.3 is 
as follows. The map r?: Aq —>■ k[Ao]'^ —)■ R yields Ihe blueprinf B =A//‘Jl wilh A = k[Ao] and 

32 = { = I £r/+(a/) =£7y+(f7y) in/2 }, 

logelher wilh Ihe morphism B —> /?, which induces an isomorphism B+ ~ /?. A morphism l:Y ^ 
X info a monoid scheme yields a blue k-scheme Z by choosing compalible affine presenfafions 
for F and X and applying Ihe above definilion lo Ihe coordinale blueprinls. 

Theorem 11.2. There is a canonical morphism Bendv(Z) —> Trop^p(F) that induces an iso¬ 
morphism Bendy (Z)+ ~ Trop^p(F) of semiring schemes. 

Proof Since fhe definilion of Trop^p(F) in terms of affine presentations is compatible with 
the definition of Bendy(Z), we are reduced to the affine case of a multiplicative morphism 
r/: Aq —7> /2 from a monoid Aq with zero into a k-algebra R that yields a surjection : k[Ao]’^ 

R. Let B be the associated blueprint. We have to show that there is a canonical morphism 
Bendy(B) Trop^^(/?) that induces an isomorphism Bendy(B)+ ~ Trop^^(/?) of semirings. 

The association c • a 0 1 i-A v{c)t • a for c G k, a G Aq and t G T defines an isomorphism 
p : k[Ao]* T T[Ao] of ordered blue T -algebras. If we can show that p identifies the relation 
bendy(B) on (k[Ao]* 0^* r)+ with the Giansiracusa bend relation bend,^^(/) on r[Ao]^, then it 
follows that p induces an isomorphism Bendy(B) —r[Ao]/bend,^^ (/), and the lemma follows 
after applying (—)^. 
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For the identification between the bend relations, we need the fact that v(c) = v(—c) for all 
c ^k. Since T is totally ordered, we have v(c) ^ v(—c) or v(—c) ^ v(c) in However, these 
two relations are equivalent, as multiplication with v(—1) shows: 

v(—c) = v(—l)v(c) ^ v(—l)v(—c) = v(c) 

if v(c) ^ v(—c), and vice versa. This shows that v(c) = v(—c) in By Corollary 2.16, the 
canonical map T is a bijection. Thus v(c) = v(—c) in T. 

We show that CqA C* 1 + 1 = <8 > 1 is a generator of bendv(B) if and only if 

v{ca)a + Y,v{cj)bj = T.v{cj)bj is a generator of bend^^^(/). Indeed, the former relation is in 
bendi,(B) if and only if CaCi ^ L<^y^y Since B is algebraic and with —1, this is equivalent 
to Caa + Y,{—Cj)bj = 0, which, in turn, is equivalent to Caa + Y,{—Cj)bj G I. Since v(—c) = v(c) 
for c &k, the latter condition is equivalent to v{ca)a + '^v{cj)bj = Y.v{cj)bj in Bend^^{R), as 
claimed. □ 

By Theorem 11.2, we obtain Theorem 3.3.6 of [22] as a special case of Theorem 7.16. 
Namely, let Alg^ be the category of T -algebras, which are homomorphisms T ^Sof semirings, 
and let Val^t(F, —) : Alg^ —> Sets be the restriction of Valy(F, —) to Alg^. 

Corollary 11.3. Let v : k ^ T be a valuation from a ring k into a totally ordered idempotent 
semiring T and l :Y ^ X be a morphism of a k-scheme Y into a monoid scheme X such that 

: F —)• Xj^ is a closed immersion. Then Valj^ (F, —) is represented by the semiring T-scheme 
TropGf(F). 

Proof Let Z be the associated blue /:-scheme. By Theorem 7.16, we have Val,^(Z, —) = 
Hom 7 ’(Spec(—), Bendv(Z)). Since every morphism Specs' Bendv(Z) factors uniquely through 
a T-morphism SpecS ^ Bendv(Z)+, the functor Val,t(Z+,—) is isomorphic to the functor 
Hom 7 ’(Spec(—),Bendv(Z)+). Therefore the corollary follows from F = Z+ and Theorem 
11 . 2 . □ 

11.3. What is new? To speak in an analogy, the difference between the Giansiracusa tropi- 
calization and the scheme theoretic tropicalization in terms of blue schemes is similar to the 
difference between subvarieties of a projective space and projective varieties. In other words, 
the enhancement of a variety F in an ambient monoid scheme with the structure of a blue 
scheme allows us to detach the F from the monoid scheme and tropicalize it as an independent 
abstract geometric object. Besides this conceptual novelty, we have eliminated the following 
two technical restrictions of [21]. 

Theorem 11.2 guarantees that the bend functor from this paper incorporates the Giansiracusa 
tropicalization completely. Therefore we can extend the Giansiracusa tropicalization to mor¬ 
phism i : F —)■ Z into monoid schemes that are not necessarily integral. This can also be seen 
by directly generalizing [21]. 

Moreover, we can generalize the Giansiracusa tropicalization to valuations v.k^T into any 
idempotent semiring. Note that for this generalization, it is important to adapt the sign conven¬ 
tion for the bend relation of this text since v(c) = v(—c) does not hold true for all valuations 
into idempotent semirings. 


12. Maclagan-Rincon weights 

Maclagan and Rincon show in [36] that the weights of the tropicalization of a closed subvariety 
of a torus can be recovered from the Giansiracusa tropicalization. We will extend the argument 
of [36] to the scheme theoretic tropicalizations considered in this paper. 
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12.1. Weights from the classical variety. Let ^ be a field with valuation v : ^ > T and value 
group r = v{k^). Assume that T is dense in T and that there exists a section 5 : F —to 
V : r as a group homomorphism. Note that such a section always exists after passing to a 

suitable finite field extension of k. 

In this situation, the tropicalization Trop(F) = Trop^f(F) of a closed fc-subscheme F of a 
split torus can be endowed with the structure of a polyhedral complex whose top dimen¬ 
sional cells come with weights that satisfy a certain balancing condition with respect to the 
embedding Trop(F) C (T*)” ~ M” where we identify (T^)” with R” by taking coordinatewise 
logarithms. Note our specific usage of Gmi = SpecA:[Z^^] and G^^ ^ = Spec/:[X^^]+, cf. section 
1. In the following, we recall the definition of the weights of Trop(F). 

Let 0^; = {a G k\v{a) ^ 1} be the integers ofk, m = {a G 0^|v(fl:) < 1} its unique maximal 
ideal and ko = Ojt/m the residue field. Let t :Y ^ ^ closed immersion of /:-schemes 

and I C R the defining ideal where /?+ = ,... is the coordinate ring of G^^. Let 

w = (w,) be a point of the tropicalization Trop(F) C T”. For an element / = of I where 

c G Z” is a multi-index and Cg G k, we define its tropicalization as v(/) =J^v{ce)X'^ and its value 
at w as v{f){w) = Lv(ce)w^. We denote by a G ko the residue class of an element a G Ok- The 
initial form of f in w is 

inw(/) = X s(v(cg)-^) v(ce) Xf 

v[Cg)w‘=v{f)(w) 

which is an element of The initial ideal of I in w is the ideal inn,(/) 

of R^ that is generated by the initial forms inn,(/) of all / G /. Let invv(r) = p| q,- be a primary 
decomposition for I and p, the radical of q,-. We denote by mult(p;,inn,(/)) the length of the 

-module /q,)p,. The multiplicity o/Trop^f (F) in w is defined as 

mult(w) = ^mult(p,,inn,(/)) 

where the p,- vary through all minimal associated primes of inw(/). Note that this multiplicity 
does neither depend on the choice of section 5 : F -^k^ nor on the choice of primary decompo¬ 
sition inv^(/) = riqr- 

The structure theorem for tropical varieties asserts the following. For details, cf. [37, Thm. 
3.3.6]. 


Theorem 12.1. The tropicalization of a purely d-dimensional k-subscheme Y of G” ^ can be 
endowed with the structure of a balanced weighted polyhedral complex of dimension d such that 
the weight of its d-dimensional polyhedra a equals mult(H')/or each w in the relative interior 
of a. 


12.2. Weights from the scheme theoretic tropicalization. Let F be a purely rZ-dimensional 


k-subscheme of G^^ and Z the associated blue k-scheme. We will show in the following that 
the weights mult(w) can be determined from the scheme theoretic tropicalization Bendy(Z). 
For a more readable notation, we define 


Rn =k[X^\. 
R„=ko[Xf\^ 


...X, 


ill 




ill 


s„ = T[Ai 


Sn = 


±1 


±1 




n J 
ill 


Let I C Rf be the ideal of definition of F. Then Z is the spectrum of B = where 

“Ri = {J^ai = — /}, and Bendy(Z) is the spectrum of B* ®k‘ T/bendy(B). 

By the definition of B, we can choose a surjection vr : 5^ —> Bendy(B), which yields a pre¬ 
sentation of the form 


Bendy (B) =SmllR-n 


with 


R-n = {Y^ai = Y^bj £7r(a,) =£7r(f7y)|. 
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This corresponds to a closed immersion Bendy (Z) G"* .j.. Note that we consider Tropy(Z) as 

an abstract T-scheme; therefore we allow tt to be any surjection and m to differ from n. 

Consider a point w € Bendv(Z)(T), which is a T-morphism w : SpecT —> Bendy(Z), which 
corresponds to the morphism w* : Bendy (B) ^ T between the respective blueprints of global 
sections. Given a polynomial f = '£. € 5+ where € T and c G Z"* is a multi-index, we 

define /(w) = as J^w*(7r(aeX'^)), which is an element of T. The initial form of f in w is 

inw(/) = £ 

aeW‘=f(w) 


considered as a polynomial in Note the formal analogy with the initial form of a polynomial 
with coefficients in k\ the identity valuation id : T —> T yields the integers Ot = {a G T|a ^ 1}, 
which is a local semiring with maximal ideal mx = {a G Ot|^i < 1} and residue field B = 

Ot/uxt- The unique section fo id is fhe identify id : T ^ T, fhus fhe coefficienfs iA{af^)ae of 
fhe inifial form are 1. 

The initial preaddition oflR-n^ in w is fhe preaddifion 


inw(^7r) 





on S,n- Generically, fhe sef L = Hom(S„,/invy (3^,^), T) is a linear subspace of ~ R™. More 
precisely, L is a linear subspace if w is confained in fhe open dense subsef U of Bendv(Z)(T) 
fhaf is fhe union of fhe inferiors of all fop-dimensional polyhedras fhaf occur in some realization 
of Bendy(Z)(T) as a polyhedral complex. 

If w G It, fhen we can exchange it : Sm ^ Bendy (B) by vr o y? for a suifable automorphism cp 
of S„„ so fhaf L coincides wifh fhe span {e\,... ^ef) of fhe firsf d unif vectors of R™. We define 
invy(tR^)' as fhe resfricfion of in^(tR^) fo 

A subsef 5 of a B-linear space V is linearly independent over B if every elemenf of V can be 
wriffen in af mosf one way as a finife B-linear combination of fhe elemenfs of S. The dimension 
dimiT ofV is fhe supremum of fhe cardinalifies of all linear independenf sefs. 


Definition 12.2. The Maclagan-Rincdn weight o/w G It is 

p{w) = diniB (B[X±^\,...,A±i]+/in„(3?0'). 

The following fheorem is essenfially Theorem 1.2 of [36]. Since fhe weighfs pL{w) are nof 
explicifly exhibifed in [36] and an additional argumenf is required, we include a proof. 

Theorem 12.3. The multiplicity mulf(>v) coincides with the Maclagan-Rincdn weight p{w)for 
every w G Trop(F). In particular, p{w) is an invariant ofw and does not depend on the choice 
of IT. 

Proof As a firsf poinf, we observe fhaf fhe weighfs of Trop(T) are invarianf under inferchanging 
coordinafes, scaling coordinafes and inclusions T” —)• T'” as fhe firsf n coordinafes. This means 
fhaf fhe weighfs of Trop(T) = Bendy (Z)(T) are invarianf under automorphisms of/?„ and under 
a change Y —> G"j^ ^ ^ of the ambienf forus fhaf comes from a morphism ^ G“ ^ of 
blue A:-scheme. 

Therefore we can choose a morphism l :Y ^ G“ ^ such fhaf : T —>■ G“’^ is a closed im¬ 
mersion of A:-schemes and such fhaf vr = Bendy (?/) where ri = t* : R,„ —> FT is fhe corresponding 
morphism befween fhe respective global sections. In fhis case, fhe preaddifion on Sm equals 
fhe Giansiracusa bend relafion bend^f^ (/) where I C R^ is fhe ideal defining Y. This reduces 
fhe proof fo fhe sifuafion of [36]. 

By our choice of tt for a given w, fhe linear subspace L of T™ ~ W” equals fhe span 
(ci,..., ed) of fhe firsf d unif vectors. By [37, Lemma 3.4.7], we have 

mulf(w) = dim;t„(^o[2frf^+\,.--,2fm']+/inw(7)0 
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where in„(/)' is the restriction of invy(/) to ']^- 

Let Vo : ^0 —^ ® be the trivial valuation. By [36, Prop. 3.4], we have 

inH,(bend^^(/)) = bendJ;^^(inH,(/)). 

Both in^, and bend^^ commute with the restriction to the variables ,... ,X„,. Therefore we 
obtain inH,(bend^^(/))' = bend^^^(in„(/)') and 

... ,X±i]+ / in,,(bend^:^^(/))' = Trop,^^^(^o, • • ■ . 

Since /m„{l)' is a ^o-vector space of finite dimension mult(w), its trop- 

icalization is a B-linear space of the same dimension, cf. [21, Lemma 7.1.3]. Since = 
bend^^^(/), this dimension equals, by definition, the Maclagan-Rincon weight ^(w). This 
shows that /r(w) = mult(w) and finishes fhe proof. □ 

Theorem 12.3 allows us fo apply the structure theorem for tropicalizations to the scheme the¬ 
oretic tropicalization Bendy (Z) of the blue ^-scheme Z associated with a purely d-dimensional 
closed subscheme Y of 

Corollary 12.4. Let Bendv(Z) —)■ be a closed immersion of blue T-schemes. Then we 

can endow Bendv(Z)(T) C (T^)'” ~ M"* with the structure of a balanced weighted polyhedral 
complex of dimension d such that the weight of its d-dimensional polyhedra a equals p(w)for 
each w in the relative interior of a. □ 

12.3. What is new? In this section, we have extended the results from [36] to the intrinsic 
tropicalization of a closed subvariety of a torus as a blue T-scheme. This is a subtle step towards 
a more rigorous setting of scheme theory for tropical geometry. 

Moreover, we have exhibited an explicit formula of the Maclagan-Rincon weights, which 
opens the door to investigate weights in more general situations, for example for valuations 
V : ^ T whose image is not dense or even trivial, or in the case of blue T-schemes that are not 
tropicalizations of classical varieties. 

13. Macpherson analytihcation 

Let A: be a ring and A a A:-algebra. One of the key ideas of Macpherson’s paper [38] is that the 
semiring An(A,k) of finitely generated k-submodules of A represents the functor of valuations 
on A in idempotent semirings that are integral on k. The focus of [38] lies on extending this 
concept to non-Archimedean analytic geometry, for which reason the pair (A,k) is assumed to 
form a non-Archimedean ring. We refrain from an excursion into non-Archimedean geometry, 
but we will extend An(A,k) to ordered blueprints k and A. 

13.1. The universal Giansiracusa tropicalization as Macpherson analytihcation. Let us 

begin with reviewing the results and immediate implications of [38]. The Macpherson analyti- 
fication An(A,k) is the semiring of all k-submodules of A with respect to the addition 

Ml -\-M 2 = { m G A I m = mi -|- m 2 for some mi G M\ and m 2 G M 2 } 

and the multiplication 

M\ ■ M 2 = { m G A I m = mi • m 2 for some mi G Mi and m 2 G M 2 } . 

The semiring An(A,k) is idempotent and comes with the valuation v : A —> An(A,k), which 
sends a G A to the k-submodule of A generated by a. This valuation is integral on k, i.e. v{a) -\- 
1 = 1 for all fl G k. 
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Let Val(A,^;—) : Algjg Sets be the functor of all valuations on A in idempotent semir¬ 
ings that are integral on k. The key observation of Macpherson is that An(A,k) represents 
Val(A,k;-). 

From this, we can deduce the following description of the universal Giansiracusa tropical- 
ization TropJJ^^(A) where v: k is a valuation into a totally ordered idempotent semiring T 
and rj : k[A*] —> A is the natural k-linear map. Let 

Ok = { a € k I v(a) + 1 = l| 

be the subring of integral elements in k. Then the valuation v.k^T corresponds to a homomor¬ 
phism An{k,Ok) —)■ r of semirings by the universal property of An(k,Oj(:). Since Trop^^(A) 
represents Valv(A, —) and Valv(A,S) corresponds to the valuations w in Val(A, Ok',S) that restrict 
to = V, we have a canonical isomorphism of semirings 

Trop^^(A) ^ An(A, 0^) T 

where stays for (B 0 oC)+, cf. section 1 . 

By glueing affine patches, this connection generalizes to a description of the universal Gi¬ 
ansiracusa tropicalization of a k-scheme X. A variation of the definition of An(A,k) yields a 
description of the Giansiracusa tropicalization for a closed immersion l :Y ^ X into a toric 
variety, see [38, para. 7.3]. 

In the following, we will make this precise by different means: we extend the Macpherson 
analytification to all ordered blueprints k and A, which yields a description of the bend functor 
in terms of An(A,k) and, conversely, a description of An(A,k) as bend. 

13.2. The Macpherson analytification as bend. Let k be an ordered blueprint and B an or¬ 
dered blue k-algebra. A k-span in B is a subset M o^ B that is closed under multiplication by 
elements of k and that contains all a E B for which there are bj E M such that a We 

write {ai) for the smallest k-span in B that contains the elements a,. A k-span M in B is finitely 
generated if M = {ai) for finitely many elements a, E B. For a ^ k,v/e write (a) = {a) where a 
is the image of a in B. 

The semiring An(B,k) is the set of all finitely generated k-spans in B together with the addi¬ 
tion 

Ml +M 2 = { m E B I m ^ mi -|- m 2 for some mi E Mi and m 2 E M 2 } 

and the multiplication 

Ml ■ M 2 = { m E B I m = mi • m 2 for some mi E Mi and m 2 E M 2 } . 

Note that this recovers the definition of An(B,k) in the case of rings k and B, and that An(B,k) 
is an idempotent semiring for all ordered blueprints k and B. In other words, An(B,k) is a 
B-algebra. 

The B-algebra An(B,k) comes with the map v : B —)■ An(B,k) that sends a to (a). This map is 
a morphism between the underlying monoids. If a ^ in B™™, then (a) C (bj) as subsets of 
B, which implies that (a) +L(^/) = L(^/) in An(B,k). Thus (a) ^ L(^;) in An(B,k)P°^ This 
shows that v: B ^ An(B,k) is a valuation. 

For a ^ k,'we have {a) C (1) as subsets of B and thus (a) -|- (1) = (1) in An(B,k). Therefore 
v(a) ^ 1 in An(B,k)P°^ which means, by definition, that v is integral on k. 

Lemma 13.1. Let S be a multiplicative subset ofB. Then the association {j) 1 —^ ^ defines an 
isomorphism An(5'^^B,k) —> v(5')^^ An(B,k). 
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Proof. Since 5 G S is mapped to the invertible element {s) of v{S) * An(B,^), the association 
(|) !->■ defines a morphism An(5'^'B,^) —> v(5')^^ An(B,^). Conversely, {s) G v(5') is in¬ 
vertible in An(5'^^B,^). Thus the inverse association ^ (^) defines an inverse morphism 

v(S)^' An{B,k) An{S-^B,k). □ 

As a consequence of this lemma, an affine presentation 'Ll of an ordered blue ^-scheme X 
yields an affine presentation An(U,^) in B-algebras. We define An(X,^) as the colimit of 
An(ll,^). It comes with a valuation v : An(X,^) —> X that is integral on k, which means that 
for all affine open subschemes U = SpecB of X, the induced valuation rv|(/ : B —> An(B,^) 
is integral on k. We denote by Val(X,fc;—) the functor that takes a B-algebra S to the set of 
valuations Spec 5 X that are integral on k. 

Let B be an ordered blue k-algebra. We define 

gmon ^ B‘™7 /(a^l|aGk) 

where d is the image of a in B. This definition is obviously invariant under localization. Thus 
we can define for an ordered blue k-scheme X with affine presentation U the affine presentation 
colimit. 

Theorem 13.2. Let k be an ordered blueprint, X an ordered blue k-scheme and v : Fi ^ B the 
trivial valuation. Then there is a canonical morphism 

An{X,k) Bend,(X^7") 

that induces an isomorphism An(X,k) ~ Bendy(X™")^ of semiring schemes, and An(A,k) 
represents Val(A,k; —). 

Proof. Since all constructions in questions are defined in terms of affine presentations, it is 
enough to prove the theorem in the affine case X = SpecB. In this case, the canonical map 

f: Bendy(B™") = B/fbendy(B™") —^ An{B,k) 

is given by a (g) 1 i-> (a). This map is clearly a morphism between the respective underlying 
monoids, and since (a) + (a) = (a), it is B-linear. In order to see that respects the bend 
relations, consider a relation a ^ iri Then {a) C {bj) and thus {a,bj) = (bj). Thus 

the relation a + Yt>j = L^/ bendv(B7^") implies that {a) + Y{t>j) = L(^r) An{B,k). This 
shows that is a morphism of ordered blueprints. 

Since An{B,k) is generated by the principal ideals (a) as a semiring, it suffices to show 
that every relation in An{B,k) is already contained in Bendv(B7^") in order to prove that : 
Bendv(B7’")+ —> An{B,k) is an isomorphism. Therefore, let us consider an equality (a,) = (bj) 
of k-spans of B. Then we have for all i a relation a,- ^ for certain Cij G k and for all 

j a relation bj ^ Y^jjai for certain djj G k. Since in B™f^, we have Ci,j ^ 1 and dj ( ^ 1, this 
implies a, ^ ^rid bj ^ in Bff^. Therefore we find the relations a,- + Yt>j = Y^j ^rid 
Ytti = Y^i~bbj in bendv(B™"). Using that Bendv(B™") is idempotent, we find 

ai = + + = £7 = £7 

' hi j ^ i i j i ^ j iJ 

in Bendy(BT’j). This shows that is an isomorphism of semirings. 

By Theorem 7.16, we know that Bendy(B^") represents the functor Valy(B^p—) on or¬ 
dered blue B-algebras. Since is an isomorphism of semirings, An{B,k) represents the re¬ 
striction Val,t {B'ffi, —) of Valy(B™p —) to B-algebras. A valuation >v : B ^ S in a B-algebra S 
that is integral on k is the same as a valuation w : BT'" —> S, and every valuation in a B-algebra 
is an extension of the trivial valuation v : Bi ^ B. Therefore the functors Val,t (B™p “) 
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Val(B,fc;—) are isomorphic. We conclude that An(B,^) represents Val(B,fc;—), which com¬ 
pletes the proof of the theorem. □ 

Remark 13.3. Note that for a description of the Macpherson analytification, we use non- 
algebraic blueprints in an essential way. Though the bends Bendy and Bendy (B) co¬ 

incide, the relation a ^ 1 for a G implies a = 1 in in the typical case that B is with — 1. 
Moreover, we have to endow B with the relations a ^ 1 for a € A: to guarantee that the bend 
represents only valuations that are integral on k. 

Corollary 13.4. Let k be an ordered blueprint, X an ordered blue k-scheme and v : k ^ T be 
a valuation in an idempotent semiring. Let Ok = {a (z A:|v(a) ^ 1 in Then there exists a 

canonical isomorphism 

Bendy(X)+ ^ An(X, 0^) T. 

Proof. Similar to our argument in section 13.1, this can be proven by showing that both semir¬ 
ings represent the functor Val(X,A:; —). An alternative proof is the following direct calculation. 
Let Vo : Fi ^ B be the trivial valuation and C an ordered blue blueprint. Then we have 

Bendy(,(C) = C* (g)Fi ®/bendy(,(C) = C/bend(C) 

where bend(C) = {a + Y.bj = ^ C} does not depend on the valuation vq. There¬ 

fore, we obtain 

Bendyg (Bq™ 1 ) j) T = B*/bend(Bo™ J) 0i:.//bend(t:“™ j) T 

= B'®k^T//hend,{B^ll,). 

Since, by definition of Ok, an element a ^ Ok implies the bend relation a -1- 1 = 1 in T, we 
conclude that this ordered blueprint is isomorphic to 

B*(8)jfr//bendy(B”°") = B* (g)^. r//bendy(B) = Bendy(B). 

The claim of the Corollary follows from applying (—)^ to the above equations and using the 
isomorphism An(C, 0^;) ~ BendyQ(Cc)^^o)^ from Theorem 13.2. □ 

Together with Theorem 11.2, this yields the following description of the Giansiracusa tropi- 
calization in its general form. 

Corollary 13.5. Let k be a ring, v : k ^ T be a valuation in a totally ordered idempotent 
semiring T. Let t: A —)• F a morphism from a k-scheme X into a monoid scheme Y such that 
: A —)• is a closed immersion. Then there is a canonical isomorphism 

TropGf(F) ^ An(Z,0,X(,^o^)r 

where Z is the associated blue scheme and 0k = {a ^ A:|v(a) ^ 1 in □ 

14. Thuillier analytification 

An important variant of the Berkovich analytification was found by Thuillier in [50] in case of 
the trivial valuation v : k —)■ T of a field k. In fhe following, we will review fhe definilion of A^, 
and reinferpref fhis fopological space in terms of the scheme theoretic tropicalization of A. 

Let Of = {a G T|a -|- 1 = 1} be the subsemiring of T whose underlying set is the real interval 
[0,1]. We endow Ot with the real topology of [0,1] C M. 

In the affine case A = SpecB, fhe Thuillier analytification A^ consisfs of all valuafions w : 
B ^ T in A™ whose image is confained in Ot- It comes with the subspace topology of A™. In 
the case of an arbitrary k-scheme A with affine presenfafion U, we define A^ as fhe colimif of 
IX^ as a fopological space. 
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Theorem 14.1, The Thuillier space is naturally homeomorphic to Bendv(X)(OT). 

Proof. Note that the semiring Ot is a local topological Hausdorff semiring with open unit group. 
This allows us to apply the same proof as for Theorem 8.1 to verify the claim of the theorem. □ 

Remark 14.2. An alternative realization of as a rational point set is the following. Define 
gmon _ gmon^^ \\a ^ B) for an ordered blueprint B. Then every valuation w : ^ T, 

which is a morphism w : B™" —>^ respects the relation a ^ 1, i.e. w{a) G Ot- If we define 

in terms of an affine presentation, then every valuation io : SpecT —> factors through 

the morphism SpecT SpecOf that corresponds to the inclusion Ot C T. We conclude that 
we have natural bijections 

= Val,(A““,OT) = Val,(A™",T) = Bend,(A“™)(T), 

which yields, in fact, a homeomorphism of topological spaces. 

15. Ulirsch tropicalization 

In case of a field k with trivial valuation v : A: —)• T, and a toroidal embedding U C X without 
self-intersection, Thuillier defines in [50] a retraction —>• Lx onto an extended cone complex 
Lx associated with U CX. Abramovich, Caporaso and Payne interpret in [1] this retraction map 
as the tropicalization of A. Ulirsch generalizes in [53] Thuillier’s tropicalization by associating 
a log structure to a toroidal embedding. Ulirsch’s tropicalization passes through an associated 
Kato fan that allows him to apply the local tropicalization of Popescu-Pampu and Stepanov in 
[47] to charts of the log structure. This also recovers the tropicalization of fine and saturated 
log schemes as studied by Gross and Siebert in [23]. 

In this section, we will review Ulirsch’s tropicalization of log schemes and connect it to the 
scheme theoretic tropicalization developed in this paper, under some additional assumptions: 
we restrict ourselves to Zariski log structures and require that the log scheme has an affine open 
covering that is compatible with the log-structure; cf. Remark 15.2 and section 15.6. In contrast 
to [53], we write all monoids multiplicatively. 

15.1. Kato fans. A monoidal space is a topological space A together with a sheaf of monoids 
Mx. Note that every monoid M is local since the complement of its units forms the unique 
maximal ideal of the monoid. Therefore every stalk 'Mx^x is a local monoid with maximal ideal 
mjf. A (local) morphism of monoidal spaces is a continuous map p : X ^ Y together with a 
morphism : p^'^JAy —)• of sheaves of monoids such that the induced morphisms of stalks 

Px '■ map mv to mjc for all x G A and y = p(x). A morphism (^ : A —)• F of monoidal 

spaces is strict if p^ : p^^Xly —Mx is an isomorphism. 

The unit group acts by multiplication onM, and the quotient M/M^ of this action inherits 
the structure of a monoid since multiplication is commutative. 

A monoid is sharp if = {!}■ A monoidal space A is sharp if Mx(U)^ = {1} for all 
open subsets U of A. Given a monoidal space (A,Mx), we define its associated sharp monoidal 
space as (A,Mx) where Mx = Mx/M^. 

A multiplicative set in M is a multiplicatively closed subset S C M that contains 1. The 
localization of M at S is = S xM/ ~ where {s,m) ~ {s',m') if and only if there is a t G S 

such that tsm' = ts'm. We denote the class of {s,m) in by j. A prime ideal of M is, & 

subset p C M such that pM = p and 5 = M — p is a multiplicative set. 

The affine Kato fan Spec^M of a monoid M is the following sharp monoidal space. Its 
underlying topological space is the set of all prime ideals p of M endowed with the topology 
generated by open subsets of the form U/, = {p|/i ^ p}. Its structure sheaf associates 

with Uh the sharp monoid where S = A Kato fan is a sharp monoidal 

space that has an open covering by affine Kato fans. 
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A monoid M is fine if it is finitely generated and embeds into its Grothendieek group A 
fine monoid is saturated if a" G M wifh a G M^p and n ^ I implies a ^ M. A Kafo fan is fine 
and saturated if if ean be eovered by affine Kafo fans of fine and safurafed monoids. 

Remark 15.1. Some of fhe nofions infrodueed in fhis seefion have already been defined for 
monoids wifh zero, whieh are ordered blueprinfs. Though mosf nofions are in spirif fhe same 
and ean be reeovered by assoeiafing an additional elemenf 0 fo a monoid in fhe sense of Ibis 
seefion, fhere is an imporfanf digression in fhe notion of fhe speefrum. While fhe speefrum of a 
monoid A wifh zero assoeiafes wifh an open Uh loealizafions S^^A where S = the affine 

Kafo fan of a monoid M assoeiafes wifh an open Uh the sharp monoid 

15.2. Extended cone complexes. Consider the intervals S = (0,1] and Sq = [0,1], whieh are 
both multiplieative monoids endowed with the real topology. Let M he. n fine and safurafed 
monoid. The cone ofM is fhe homomorphism sef aM = Hom(M,5') endowed wifh fhe eompaef- 
open fopology where we regard M as a diserefe monoid. Nofe fhaf cjm is indeed a eone in fhe 
M-veefor spaee Hom(M®P,M>o) where M aefs on M>o via fhe exponenfial map. 

Lef F be a fine and safurafed Kafo fan and V' <ZV open affine Kafo subfans where V' = 
Spec^M' and V = Spec^M for some fine, safurafed and sharp monoids M' and M. Then 
M' = for some multiplieative sef S in M, whieh implies fhaf cjm' is a faee of 

aM- Lef A be fhe diagram of all eones cjm sueh fhaf Spec^M is an affine open in F fogefher 
wifh fhe faee maps aM' C aM for whieh Spec^M' C Spec^M. We define fhe cone complex 'Lf 
ofF as fhe eolimif of A as a fopologieal spaee. As a poinf sef £/? is equal fo Hom(Spec^5',F). 

Similarly, we define fhe extended cone ofM as (Tm = Hom(M, Sq) endowed wifh fhe eompaef- 
open fopology. The affine Kafo subfans of F yield a diagram A of exfended eones and faee maps. 
We define fhe extended cone complex 'Lp of F as fhe eolimif of A as a fopologieal spaee. As a 
poinf sef 'Lp is equal fo Hom(Spec^5'o,F). 

15.3. Log schemes. Lef A be a k-seheme. A pre-logarithmic structure for A is a sheaf of 

monoids Mjf on A fogefher wifh a morphism a : Mx ^ Ox of sheaves of monoids where 
fhe sfruefure sheaf Ox is regarded as a sheaf of monoids wifh respeef fo mulfiplieafion. A 
logarithmic structure for A is a pre-logarifhmie sfruefure Mx sueh fhaf a : Mx —> Ox induees 
an isomorphism > Of. One ean assoeiafe fo every pre-logarifhmie sfruefure Mx the 

logarithmie strueture MJ that is the push-out of the diagram 

a-iO^--Mx 

in the eategory of sheaves in monoids. 

A log scheme is a seheme A together with a logarithmie strueture Mx. Given a morphism 
: A —)■ T of sehemes, we define fhe inverse image (/7*Mx of a logarifhmie sfruefure My on Y 
as fhe logarifhmie sfruefure assoeiafed wifh (/?^^My. 

A morphism of log schemes is a morphism (/? : A —)■ T of sehemes fogefher wifh a morphism 
> Mx of sheaves of monoids sueh fhaf 

if^UY - - -^ Mx 

F{oly)\ ^ 

p-^Oy -^--Ox 

eommufes. 

Lef A be a log seheme. Given a monoid M, we denote by Mx the eonstant sheaf with value 
M. A chart for A is a morphism : Mx —)• Mx of sheaves of monoids sueh that : Mf —)■ Mx 
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is an isomorphism. A log scheme X is called fine and saturated if it admits a covering by open 
subschemes Ui with charts : {Mi)u. —> Mj/,. for fine and saturated monoids M,- where M[/, 
denotes the restriction of Mx to Ui. 

Remark 15.2. In this exposition, we restrict ourselves to Zariski log schemes, for which we can 
make the connection to the scheme theoretic tropicalization precise, and we leave an extension 
of the theory to etale structures to future investigations. 

15.4. The associated Kato fan. Recall that Mx = Mx/M^ is the sharp sheaf of monoids 
associated with Mx- A log structure a : Mx —)■ X is said to be without monodromy if there 
exists a Kato fan F and a strict morphism (X,Mx) —)• F. This is, for instance, the case if 
a : Mx —)• Ox is injective. See [23, Ex. B.l] and [53, Ex. 4.12] for examples of log structures 
with monodromy. 

The following is the key observation that allows us to define fhe fropicalizafion of a fine and 
saturafed log scheme. This is Proposition 4.7 in [53], fhough if is essenfially already presenf in 
[27]. 

Proposition 15.3. LetX be a scheme of finite type over k and a : Mx —> Ox a fine and saturated 
log structure without monodromy . Then there is a strict morphism (X,Mx) —>• Fx of sharp 
monoidal spaces into a Kato fan Fx that is initial for all strict morphisms from (A,Mx) into a 
Kato fan. 

We call Fx the associated Kato fan ofX and the composition 

XX: (2f,0x) ^ (2f,Mx) ^ Fx 

its characteristic morphism where Ox = Ox/Of. We briefly write xx - X ^ Fx for fhe charac- 
ferisfic morphism. 

15.5. Tropicalization of a fine and saturated log scheme. Eef A be a fine and safurafed log 

scheme over k wifh log sfrucfure a : Mx Ox and characferisfic morphism xx ■ X ^ Fx. The 
Ulirsch tropicalization Trop^(A) ofX is fhe exfended cone complex Lx = Lf^ fogefher wifh a 
surjecfive continuous map trop^ : > Lx thaf is described for affine open subsefs as follows. 

Eel U = Spec/? be open in A and V = Spec^M open in Fx such lhal Xx{U) CV and Mjj —)• 
Mj/ is a chart. By Lemma 1.6 in [27], A and Fx can be covered by such open subsefs. This 
yields a morphism of sheaves of monoids Mu —)■ My Oy and, by faking global secfions, a 
multiplicative map M ^ R/R^. Since every valuation w : R^ Oj maps 7?^ fo 1 and since So is 
the underlying monoid of Of, we get a continuous map 

trop^ : = Valv(/?,OT) —^ Hom(M,So) = 

If r: F —> A is a closed immersion of k-schemes, then the Ulirsch tropicalization of Y with 
respect to t is the image Trop^^(F) = trop[^(F) of F in TropQ(A), together with the restriction 
trop^^ : F^ Trop^(F) of trop^ to F^. 

15.6. The associated blue scheme. Let A be a fine and safurafed log scheme A over k wifhouf 
monodromy and xx - X ^ Fx the characteristic map into the associated Kato fan Fx. Provided 
that the inverse images U = x ' of affine open Kafo subfans V of Fx are affine, we obfain 
a nafural system of affine open subschemes of A, which we can endow wifh charfs for fhe log 
sfrucfure. We will use fhese open subschemes in fhe definition of fhe associafed blue scheme. 

The following facf is a sfrenglhening of [27, Lemma 1.6] and [53, Prop. 4.7] under Ibis 
addifional assumption on U. 

Lemma 15.4. Let V = Spec^My an affine open ofFx. Assume that U = XxH^) affine. Then 
there is a chart (My) My such that the composition My My (17) —>■ My (17) =My is the 
identity on My. 


60 


OLIVER LORSCHEID 


Proof. Since My is a fine monoid, it embeds into , which is a finitely generated abelian 
group. If a" = 1 for an element a € and n ^ 1, then we have a G My since My is saturated. 
Since My is sharp, we conclude that a = 1, which shows that My^ is torsion free and hence a 
free abelian group of finite rank. 

Therefore the multiplicative map My {U) ^ My (U) = My admits a section s: My —)■ My {U). 
Since for an open subset V' = Spec^ My/ of V, the restriction map p : My My/ is of the form 
My — )• S^^My — )• S^^My/{S^^My)^ = Myi for S = {h G My\p{h) = 1}, the section s extends 
uniquely to a section su ■ (My)y My of sheaves of monoids. 

We are left with showing that su is a chart. Clearly, sf : {My)^ My is a monomorphism 
of sheaves. It is surjective on stalks since My = My (17) = 'Mu{U)/Ou{U)^ and therefore 
My —)■ My^v is a surjection for every x GU. Thus su is a chart. □ 

For the rest of this section, we assume that the inverse image U = x of affine open 
V of Fx is affine. 

Let l:Y —X be a closed immersion of k-schemes and a : Mx Ox the structure morphisms 
of sheaves of monoids on X. For every affine open V = Spec^ My of Fx and the inverse image 
U = Xx^^) and W = we obtain the morphism of sheaves of monoids 



Ow- 


Taking global sections yields a multiplicative map py : M{U) Ovy(W) = Sy. We define the 
blueprint By = Ay jj tRy where 




Lemma 15.5. An inclusion V' <ZV of open affine Kato subfans ofFx induces a finite localization 
By By/. 

Proof Let V = Spec^My and V' = Spec^My/. Let U = XxH"^) and U' = Xx\'^')- Then 
the characteristic map xx yields the identifications Mx(17) =My and Mx{U') =Myi, and we 
obtain projections vry : Mx(17) —>■ My and vry/ : Mx{U') —)■ My/. 

The inclusion U' <ZU yields the restriction map p : M(17) —)■ M(17') and the inclusion V' CV 
yields the restriction map p : My —)■ My/. Let S be ' (1) and S = vr^ ^ (S). Since p o Try = Try/ o p, 
the image p(S) is contained in the fibre tt^/ (1), which is the set Mx(17')^ of invertible elements. 
Therefore p induces a multiplicative map 5'^^Mx(17) —>^ Mx(17'). 

We claim that this map is an isomorphism of monoids. By Lemma 15.4, there are sec¬ 
tions My —)■ Mx(17) and My Mx{U') to the projections Try and Try/, respectively, such that 
S^'Mx( 17) = W'Ox(17)^My and Mx{U') = Ox{U')^Myi. Thus the claim follows if we can 
show that S~^0x{U) Ox{U') is an isomorphism where Sa = a{U){S) is the image of S in 
Ox{U). This can be verified geometrically, i.e. it suffices to show that SpecS„^Ox(17) C U'. 
The former open subset of U consists of all points x GU such that S C M(t7) is mapped to the 
units MxA^ = 0^^of the stalk of Mx in x. This means that S is sent to {1} in My/ = ^My / . 

Therefore x G U', which shows that S^^Mx(t7) —Mx(t7') is an isomorphism. 

We conclude that the natural map By —> By/ induces an isomorphism py{S)~^Ay Ay/ 
of monoids. It is an isomorphism py(S)^'By By/ of blueprints since By/ = p(S)^^By and 
consequently the preaddition of By/ is generated by the preaddition of By. This concludes the 
proof of the lemma. □ 

Since M is a logarithmic structure for X, the monoid M(t7) contains k^. Therefore the 
monoid py(M(t7)) U {0} contains k, i.e. Ay is a blue k-algebra, and SpecBy is an affine blue 
k-scheme. By Lemma 15.5, the diagram It of all morphisms SpecBy/ —> SpecBy where V' CV 
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are open affine Kato subfans of Fx forms a eommutative diagram ll of affine blue ^-sehemes 
and open immersions. 

We define fhe blue k-scheme associated with a : Mx —> Ox tind l :Y ^ X as Z = colimll. 
If eomes wifh a morphism /3 : 7 —> Z of blue fc-sehemes and a morphism fj : > l3*0z 

of log sfruefures for Y where /?*0z is fhe log sfruefure assoeiafed wifh fhe prelog sfruefure 
/?** : P^^Oz —^ Of- This means fhaf fhe diagram 

^ 13* Oz 
Of 

of morphisms of sheaves of monoids on Y eommufes. 

Theorem 15.6. Let a : Mx Ox be a log structure for X with characteristic map x'-^ ^ Fx- 
Assume that for every affine open V ofFx, the inverse image U = x ^ (T) is affine. Let i'.Y ^X 
a closed immersion of k-schemes and Z be the associated blue k-scheme. Then the Ulirsch 
tropicalization Trop^^(y) is naturally homeomorphic to Bendy (Z)(Ot) and the diagram 

1 “ 

Bend.(y)(OT) 

of continuous maps commutes. 

Proof. Sinee all funelors and maps in question are defined loeally, we ean assume fhaf X = 
Spec/? is an affine fine and safurafed log seheme wifh affine Kafo fan Fx = Spec^M. Then 
fhe elosed immersion l :Y ^ X eorresponds fo a surjeefion /? —)■ 5 of rings. Lef tj : Mx {X ) —)■ 
/? —> 5 be fhe mulfiplieafive map fhaf is indueed by fhe log sfruefure a : Mx —> Ox and define 
A = r/(Mx(Z)) U {0} and fhe preaddifion 3? = {^a,- = on Then fhe 

blue ^-seheme assoeiafed wifh a and r is Z = SpecB for fhe blueprinf B = A/3?. 

Reeall fhaf fhe fropiealizafion of Z is defined as fhe image of under frop^ : X^ —Trop^ {X ) 
fogefher fhe resfriefion of frop^ fo Y^. Togefher wifh fhe idenfifieafions fhaf we used fo define 
fhe fropiealizafion map, we obfain fhe eommufafive diagram 

_Valy(B,OT) 

! vp 
¥ 

im(frop^(Z)) = Trop^(Z) 

[ 

Hom(M,0T) = Trop^(Z) 

where j* is indueed by fhe inelusion j : B ^ S. In fhe following, we will define fhe doffed 
arrow in fhe diagram and show fhaf if is a bijeefion fhaf eommufes wifh fhe ofher maps of fhe 
diagram. 

Nofe fhaf rj resfriefs fo a mulfiplieafive map Mx(Z) —> B, whieh induees a mulfiplieafive 
map fj :M = Mx(Z) B/B^. Lef w : B —Ot be a valuafion fhaf exfends fhe frivial valuation 
V : ^ ^ Ot- We define fhe mulfiplieafive map *B(w) : M ^ Ot as a i-A w(a') where a' € B is a 
represenfafive of ? 7 (a) G B/B^. Nofe fhaf fhe definition is independenf from fhe ehoiee of 
a' sinee w sends B^ fo 0^ = {1}. This defines as a map from Valv(B,0T) to Hom(M, Ot)- 
This map is injeetive sinee fj^M) = B/B^ — {0} and every valuation w : B —> Ot maps 0 to 0. 
It eommufes with trop^ and j* sinee the latter maps are defined as the restrietions of valuations 
w :/?—)■ Ot to M and B, respeetively. 


= Valy(5,0T) 


= Valy(/?,0T) 



trop^ 


-Trop[^,(Z) 

Bendy(Z)(0T) 
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The next step is to show that j* is surjective. Since trop^ : Valv(/?,OT) —)• Hom(M, Of) is 
surjective, every valuation w : B —Ot extends to a valuation w': B Ot- Since the preaddition 
of B contains all relations of S, w' factors through S and defines a valuation w" : S —)• Ot- 
Thus j*{w") = w, which shows that j* is surjective. As a consequence, *T(w) = trop^^(w") is 
contained in Trop^ ^(T) and 'T : Valv(B, Or) —Trop^ ^(T) is a bijection as claimed. 

By Theorem 7.16, we have natural identifications Valv(S,OT) = Hom']r(Bendv(S), Ot) and 
Valv(B, Ot) = HomT(Bendy(B), Ot)- Under these identifications, j* corresponds to Bendv( 7 )*, 
which is equal to Bendy (/3)(0 t)- This establishes the commutativity of the diagram of the 
theorem. 

It remains to show that the bijection Trop[( ^ (F) ^ Bendy (Z) ( Ot ) is a homeomorphism. This 
can be shown by the same technique as used in the proof of Theorem 9.1, and we leave out the 
details. □ 


Remark 15.7. In some sense, the construction of the associated blue scheme is reverse to the 
association of a log scheme with a blue scheme, as considered in [33, section 7.3]. In the 
following section 15.7, we give this a precise meaning in terms of a universal property satisfied 
by fhe associafed blue scheme. 


Example 15.8 (Toric variefies). Lef A be a fan in Ar and X (A) be fhe associated foric /c-variefy. 
For a cone r in A, lef M-j- = be fhe associated monoid, cf. section 9.1. 

The associafed log sfrucfure a : Mx —)■ Ox can be described as follows. For r in A, we 
define Mx.^ = (^t)x^ where fhe prelog-strucfure {Mr)xr ^X-r comes from fhe nafural inclu¬ 
sion Mr —)■ = Ox (At-). Consequenfly, Mx comes wifh fhe charfs {Mr)xr Afx.^’ 

(A,Mx) is a fine and safurafed log scheme. 

The blue A:-scheme Z associafed wifh A(A) is defined locally as Zr = SpecklMr], and if 
comes fogefher wifh a canonical morphism X (A) —)• Z. By fhe very definition of fhe blue k- 
scheme Z' associated wifh (A,Mx), we see fhaf Z and Z' are nafurally isomorphic and fhaf fhe 
canonical morphisms /? : X (A) —)• Z and /3' : X (A) —)• Z' agree. 

Nofe fhaf in fhis case, fhe closed embedding l :Y ^ X (A) is fhe idenfify and fhaf fhe mor¬ 
phism f ]: i^^Mx —>■ /3^^0z of sheaves of monoids on X is an isomorphism. 

For closed subvariefies Y A(A), we gel Iwo differenl blue models and F^°® for F. 
While inherifs ifs sfrucfure from fhe blue scheme sfrucfure of Z along fhe closed embed¬ 
ding Y ^X (A), and fherefore is a closed blue subscheme of Z, fhe blue scheme F’°§ is defined 
by fhe reslriclion of fhe boundary divisor of A (A) fo F. These Iwo blue models of F come wifh 
a morphism F*°® —bul fhis morphism is nol an isomorphism in general. 

An example where and F*”® do nol agree is fhe following. Consider fhe quadric F 

defined by +y^ +z^ in = Proj^[x,y,z]+ wifh fhe canonical foric sfrucfure. Then F^““^ is 
fhe closed blue subscheme Proj ^ [x, y, z] / (x^ -|- ) of P| . The reslriclion Dy of fhe boundary 

divisor D of P^’ lo F consisls of fhe six poinls of F fhaf lie on fhe inlerseclion of F wifh D. 
Therefore fhe Kalo fan of fhe log sfrucfure on F associafed wifh Dy has six closed poinls and 
does nol embed info fhe Kalo fan for fhe canonical log sfrucfure of P^’ , which has only three 
closed points. Consequently F*°s does not embed into P|. 


Example 15.9 (Canonical log structure of a divisor). Let A be an integral A:-scheme of finite 

type and H = H\-\ -h Ay a Weil divisor where the Hi are pairwise coprime codimension one 

A:-subschemes of A. Let a : Mx Ox be the canonical log structure of H. In the following, 
we give an explicit description of the associated blue ^-scheme Z. Note that this generalizes the 
previous example. 


SCHEME THEORETIC TROPICALIZATION 


63 


Define I = {1,... ,r} and let Uj he. the complement of X for 7 C I. Note that 

Uj (ZUj! ior J' C. J, and in particular 17/ C t/j for all J. Define the blueprint Bj = Aj //‘Jlj a.?, 


Aj = Ox{Uj)nOx{UiY and ‘Rj 




Oxm). 


We obtain induced morphisms Bf ^ Bj fox J' C. J. Let S be the set of subsets of 7 C / such 
that > B/ is a finite localization. We denote by V the diagram of affine blue /:-schemes 
Zj = SpecBj with 7 G S together with the open immersions SpecBj SpecBf for J' C 7. 
Then the blue ^-scheme Z associated with the log structure a is the colimit of V. 


15.7. Recovering the Kato fan. The associated blue ^-scheme Z together with (5 \ Y and 
fj : i*'Mx —> /3*0z can be characterized as the universal blue /:-scheme among all morphisms 
P' :Y ^Z' of blue /:-schemes together with a morphism fj': l*JAx —> /3*0z' of log structures for 
Y. Therefore we do not rely on the existence of a Kato fan for the definition of the associated 
blue scheme. This allows us to extend the concept of tropicalization of log schemes to a wider 
class of log structures; cf. Example 15.11. 

A posteriori, we can recover the Kato fan Fx and the extended cone complex Ex from the 
scheme theoretic tropicalization of a fine and saturated log scheme Y = X over a field k as 
follows if we assume that X affine for all affine opens U C F and if we assume that 

a : Mx Ox is a monomorphism, i.e. Mx(t7) —0x(t7) is injective for all open subsets IJ of A. 
Let a : Mx —> Ox be the log structure of X and Z the associated blue /:-scheme. Let v Ot be 
the trivial valuation, which factors into the trivial valuation vq : ^ B followed by the unique 
inclusion / : B —)• Ot- Therefore, we have Bendv(Z) = Bendvo(Z) (8)b Ot- Conversely, any 
morphism p : Ot —>• B induces the identification Bendy,, (Z) = Bendy(Z) (8)o.j. B since v.k^Of 
has image {0,1}. 

Let Zo = Bendyg (Z). Since Zq is locally of finite type over the blue field B, it has an associated 
subcanonical blue scheme Z™'’ = 3'(Zo), as explained in Theorem 6.1. Due to the rigid topology 
of subcanonical blue schemes, cf. section 6.1, the functor (—)* : OBlpr —> Mon extends to 
a functor from the category Sch^™ of subcanonical blue schemes to the category Schp°" of 
monoid schemes, in contrast to the negative result for geometric blue schemes. We denote the 
monoid scheme associated with Zq™ by Zq. 

Note that Zq is integral. Therefore we can endow Zq with the sheaf Oz* of strict monoids 
Ozj(L) = (Ozo(L)* - {0})/Ozj(L)'' where L C Zq is open. 

Theorem 15.10. The monoidal space (Zq, Ozj) is naturally isomorphic to the Kato fan Fx ofX. 
Consequently, Bendy(Z)(OT) = 7 x(Ot) comes with the structure of an extended cone complex. 

Proof It suffices to verify this theorem in the affine case. Thus let X = Spec/?, Z = SpecB and 
Fx = Spec^M. 

Then Bendyg(B) = {B* (g)*,. B) /bendyQ(B). If the bend relation contains a = b, then this 
relation is a sequence of generators of bendyQ(B). In particular, bendyQ(B) must contain a 
generator of the form ^ cj = b, which must be of the form b + c = b and come from b ^ c. 
Since B is algebraic, we have b = cinB. This shows that the underlying monoid of Bendyg (B) 
is B* (g)*,. B. 

Since vq is surjective with fibres Vq ^ (0) = {0} and Vq ^ (1) =k^,'we have B* B* ~ B*/k^. 
It is easily verified that this implies that the association p i-A 7r^^(p) defines a homeomorphism 
between the prime spectra of BendyQ(B)* = B* iSik’ B* and B*. 

The association p p U {0} defines a homeomorphism between the affine Kato fan of Mx (A) 
and the prime spectrum B* = Mx (A) U {0}. Similar to the surjection vr, the surjection Mx (A) —>• 
M = Mx(A)/Mx(A)^ induces a homeomorphism between the respective affine Kato fans. 
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The composition of these homeomorphisms yields a homeomorphism (Zq,Oz*) Fx- We 
have 

M = Mx{X)/Mx{X)^ = = (Bend,„(B)* - {0})/Bend,„(B)^ 

which shows that the monoids of global sections coincide. Since for both monoidal spaces 
(Zq,Ozj) and Fx, local sections are defined in terms of localizations modulo units of M and 
BendvQ (B)*, respectively, we conclude that (Z*, Ozj) is naturally isomorphic to Fx as a monoidal 
space. 

The second claim of the theorem follows since the structure of Lx = FxiOj) as an extended 
cone complex is induced by the topology of Fx = (Z*, Ozj)- C 

Example 15.11. We give some examples of blue schemes that are universal for log schemes 
which are not fine and saturated. As a first example, consider the log structure My = Ox, which 
is not coherent in general, and the trivial immersion X ^X. Then the associated blue A:-scheme 
is X itself. 

This can be generalized to the restriction of Ox to a proper closed subscheme, i.e. to Mx = 
i*OF where r: F —> A is a closed immersion. This log structure is not quasi-coherent and does 
not allow a strict morphism into a Kato fan in general. However, it easy to see that the associated 
blue ^-scheme is F. 

The last example generalizes to restriction of fine and saturated log structures on X to closed 
subschemes F. The associated blue ^-scheme in this case is the very same as the one that we 
have defined in section 15.6. 

15.8. What is new? The interpretation of the Ulirsch tropicalization as a scheme theoretic 
tropicalization enhances the topological spaces Trop^ ^ (F) with a scheme structure, which was 
bound to subvarieties of toric varieties in terms of the Giansiracusa tropicalization so far. In 
particular, the scheme theoretic tropicalization endows the Ulirsch tropicalization intrinsically 
with a topology, which allows us to detach the Ulirsch tropicalization from its ambient extended 
cone complex. 

A posteriori, we can recover the extended cone complex via the natural identification of the 
Kato fan with the prime spectrum of the underlying monoid scheme of the scheme theoretic 
tropicalization. 

Besides these structural improvements of the Ulirsch tropicalization, we observe that the 
associated blue scheme Z of a fine and saturated log scheme X can be tropicalized along any 
valuation v.k^T. This yields an immediate answer to some questions posed in section 9.1 of 
the recent overview paper [2] by Abramovich, Chen, Marcus, Ulirsch and Wise. 
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